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DYNAMICS OF A THREE SPECIES RATIO-DEPENDENT FOOD
CHAIN MODEL WITH DIFFUSION AND DOUBLE FREE
BOUNDARIES*

DAWEI ZHANG!, BEIPING DUAN? AND BINXIANG DAT***

Abstract. This paper focuses on the dynamics of a three species ratio-dependent food chain model
with diffusion and double free boundaries in one dimensional space, in which the free boundaries
represent expanding fronts of top predator species. The existence, uniqueness and estimates of the
global solution are discussed firstly. Then we prove a spreading—vanishing dichotomy, specifically, the
top predator species either successfully spreads to the entire space as time t goes to infinity and
survives in the new environment, or fails to establish and dies out in the long run. The long time
behavior of the three species and criteria for spreading and vanishing are also obtained. Besides, our
simulations illustrate the impacts of initial occupying area and expanding capability on the dynamics
of top predator for free boundaries.
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1. INTRODUCTION

In ecosystems, Prey—predator interaction is one of the basic interspecies relations, and it is also the basic
block of more complicated food chain, food web, and biophysical network structures (e.g. [16]). A general food
chain model is described by the system of differential equations

]:\:/:t :]F\?SD’ENZ_’Vépl(ZY?ﬁ)Na o
ﬁt:pl(]yaf))g_mlf_ép2(PaZ>P7 (11)
Zt = pQ(P7 Z)Z—’ffng,

where N, P, Z stand for the population density of prey, predator, and top predator, respectively (cf. [1, 4, 29]).
p1(N, P) and po(P, Z) are the functional response of predators; e;, i = 1,2 are the yield constants; m;, i = 1,2
are the normal death rates of predators. The function ¢(NN) represents the per capita growth rate of N. A
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TABLE 1. Parameters table of problem (1.2).

Parameters Biological meanings

r The prey intrinsic growth rate

K The prey carrying capacity

ay (resp., as) The maximum growth rate of predator (resp., top predator)

e1 The yield conversion factor for predator feeding on the prey

€2 The yield conversion factor for top predator feeding on the predator
by (resp., bo) The half saturation constant for predator (resp., top predator)

my (resp., ma) The death rate of predator (resp., top predator)

dy (resp., da, d3) The diffusivity of the prey (resp., predator, top predator)

distinct feature of the simple food chain is secondary extinction because of trophic cascading effect [13, 14].
That means if one species dies out, all the species at higher trophic levels die out as well. Especially, there has
been considerable interest in ratio-dependent food chain model for last two decades [9, 10, 17, 18, 20, 29]. Peng
et al. [18] investigated the following coupled reaction diffusion food chain model with ratio-dependent functional
response:

Nt—dlAN:rﬁ(l_g)_éJslfﬁsv t>0, z€Q,
f’t—dgAﬁ:%—mlﬁ—égiifZ, t>0, z€Q,

Zy —dsAZ = Bz Mo, t>0, z€Q, (1.2)
BNa(i,z) _ 8Pa(£’z) _ BZa(It/,a:) —0, £>0, z €09,

N(0,2) = d1(2), P(0,2) = da(), Z(0,2) = ds(x), w €.

Here, (2 is a fixed bounded open domain in RY with smooth boundary at any given time, and v is the outward
unit normal vector on 9. For ¢ = 1,2, 3, the initial data are continuous functions and satisfy ¢;(x) > 0,% 0 for
x € ). Parameters values are assigned according to biological meanings in Table 1.

Taking into account the spatial spreading, we suppose that the prey and predator are native and the top
predator is invasive. At initial time (¢ = 0), the prey and predator live in the whole line R, the top predator
exists in a bounded interval and spreads from double boundaries to expand its habitats. That is, it will move
outward along the unknown curves (free boundaries) as time ¢ increases. To understand the dynamics of these
three species and free boundaries, we formulate the following free boundary problem

N, — d\N,, = (r—~% _iﬁiﬂfﬁZv t>0, R,
Pt—ngm:P(Jj:gﬁfﬁll—é% . 1>0, z€R,

7y —dsZoy = 2 (ﬁ‘fbif - mQ) , t>0, §(t) <z < h(t),

Z(t,z) =0, t>0, z ¢ (3(t), h(t)), (1.3)
g (t) = 7[”21(25"6(0)5 iL,(t) = 7,&2%(& }Nl(t))a t Z Oa

N(0,z) = ¢1(x), P(0,z) = ¢a(x), r € R,

g(o) = _h07 h(O) = hO, Z(Owr) = ¢3(1.)7 _hO é x S h07

where g(t) and ﬁ(t) represent the left and right moving boundaries, respectively; r, K, d;, a;, b;, e;, m;,
i, and hgy are given positive constants for ¢ = 1,2. The free boundary conditions §'(t) = —fZ,(t,g(t)) and
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B (t) = —iZy(t, h(t)) are special cases of the well-known Stefan type conditions, and their ecological background
and derivation can be referred to [2, 15, 28].

It is worthwhile to mention free boundary problems have been introduced to describe the population spreading
process. This paper can be seen as further research of [33], in which the authors studied a ratio-dependent prey—
predator model with a free boundary. More precisely, Du and Lin [6] firstly discussed a free boundary problem for
the diffusive one-species Logistic model. They investigated the existence and uniqueness, regularity and uniform
estimates, and long-time behavior of global solution. Some sufficient conditions for spreading and vanishing
were also established. When spreading occurs, they provided some estimates of asymptotic spreading speeds of
the free boundary. For additional relevant works in this direction can be found in [2, 3, 5, 7, 12, 15, 21-23].
Free boundary problems for the diffusive two-species competition models and prey—predator models have been
systematically investigated in literatures, refer to [8, 24, 25, 27, 28, 30, 33, 34]. Recently, a free boundary problem
for the diffusive three-species model has been studied in [31].

For simplicity, we non-dimensionalize problem (1.3) with the following scaling:

1~ by ~ biby ~ )
N==-N, P=2p z=27 1_4 z-
K K K h ds”

Dropping the caps of ¢ and x, then problem (1.3) is rewritten in the following form:

Nt—Dle:N@—N—clN%P), t>0, z€R,
PthQPM:P(klNLHfmlfczp—iz), t>0, z R,
Zi = Zaw = 7 (Rapliy —m2), >0, g(t) <z <h(t), a4
Z(t,x) =0, t=0, z ¢ (g9(t), h(t)),
g'(t) = —nZs(t, g(t), W(t) = —pZy(t,h(t)), t=0,
N(0,z) = ¢1(x), P(0,z) = ¢o(x), z eR,
9(0) = —ho, h(O) = hyo, Z(va) = ¢3($)7 —ho < < ho,
where
by e e .
D, = & Dy = & T ey T reaby’ k1= r
3 as ’ﬁ’Ll Mo K T i
= — m = — = — —_—
2 ’l°7 ) blbg rd d3 05
d: b1b d
o1(z) = *¢1 ( ) *¢2 (\/ > ) , ¢3(z) = ﬁ% (\/ ;HC) .
Furthermore, we suppose that ¢1(z), ¢2(z), and ¢3(z) satisfy
¢1(I‘), QSQ(‘T) S Cb(R)a (rbl(‘r)? ¢2($) > 01in R7 (1 5)
p3(x) € W2([—ho, hol), ¢3(£ho) =0, ¢s(x) >0 in (—ho, ho), '

where p > 3, Cp(R) is the space of continuous and bounded functions in R.
Inspired by [10, 29], we may define that Ey = (0,0,0) is an trivial steady state of (1.4). Besides, problem
(1.4) also admits the semi-trivial steady states £y = (1,0,0) and

o <k’1 —ci(br —m1) (k1 —ma)[kr —ci(kr —

ml)] def * *
0] = (N5, FP5,0
kl 9 klml ’ ) ( 2942 )
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if and only if 0 < ¢1(k; —mq) < ky. It is easily shown that (1.4) has a unique positive constant steady state

o (N3, Py, Z3) if and only if the following are satisfied:

(H1) ko > ma, A>1and0<cl<%7

where

ky
2 2 1

A:

Moreover, the unique positive constant steady state can be expressed as

. a+A1l-c . . . ko — mo)Ps
N3:$a Py = (A-1)N3, Z3:#~

In addition, we note that ko > mo and A > 1 imply k1 > m;.

In the absence of diffusion, Hsu et al. [10] dealt with problem (1.2). Obviously, the steady states Fy and E;
always exist. For some suitable conditions, they concluded that Ej is globally asymptotically stable when ¢; > 1
and F; is globally asymptotically stable when ¢; < 1, please refer to Theorems 2.1 and 2.3 in [10]. Then, Peng
et al. [18] investigated the stationary pattern of problem (1.2). They obtained that E; is globally asymptotically
stable if ¢; <1 and k; < my, see Proposition 3.1 in [18]. As shown in Proposition 3.1 in [18], if k1 < my or
ko < meo, the two predators or the top predator will face extinction, respectively. In this work, we mainly analyze
that the influence of free boundaries on the spreading process of the top predator. Therefore, we only consider
the assumptions that &k > mq, ko > mo, and ¢; < 1.

The organization of this paper is organized as follows. In Section 2, we first give the local existence and
uniqueness of the solution to (1.4) and then show that the solution exists for all time ¢ € (0, 00). Section 3 is
devoted to the long time behavior of (N, P, Z). In Section 4, we shall provide the criteria governing spreading
and vanishing. Furthermore, two numerical examples to illustrate the theoretical analysis are carried out in
Section 5. The last section is a brief conclusion and discussion.

2. EXISTENCE AND UNIQUENESS OF THE SOLUTION TO PROBLEM (1.4)

In this section, we prove the following local existence and uniqueness result by applying the contraction
mapping theorem and the upper and lower solutions method, and then we show the global existence via some
suitable estimates. Define g* = —pud5(—ho), h* = —u@s(ho) and

Y= {DlaDQ,kla k27617627m17m27:u7h07g*3 h*7 ||¢1(x)||00? ||(i)2(1’)||007 ||¢3(x)||wp2([—ho,h0])} :

Theorem 2.1. For any given ¢1(z), ¢2(x), ¢p3(x) satisfying (1.5), o € (0,1) and p > 72, there is a T >0
such that problem (1.4) admits a unique solution

Joo 524 100 2 , lto ar7(g, a 2
(N, P.Z,g,h) € [Co(IF) N Cooi (1) | (W Iy n 0752 52 () ) s [ ([0, 7))

loc
where I3° = {(t,z) e R? : t € (0,T], = € R}, Iq(qg’h) ={(t,z) e R?:t € (0,T], z € (g(t),h(t))}. Moreover,
”Z”W;»?([;Qﬁ)) + HZHCHTQ,1+Q(I7§—:(],’L>) + ||g||cl+%([0’T]) + ”hHCPr%([O’T]) < 07 (21)

here positive constants C and T only depend on %, o, and p.
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Proof. The proof is motivated by [23, 28, 32]. Firstly, we straighten the free boundaries. Let

_ 22— g(t) — h(1)
h{t) — g(0)

so that the transformation (¢,z) — (¢,y) helps us straighten the left free boundary x = g(t) to the line y = —1
and the right free boundary x = h(t) to the line y = 1. Set

Q(t.) = N (15100 = gD+ hio) + 0]
Rit.9) = P (15100 = 90w + 10 + 9(0]).

((h(t) — g(t))y + h(t) + g<t>]) .

N

W(ty) =2 (t,

Therefore, the free boundary problem (1.4) is equivalent to

Qi = DiA*(1)Qy, — Bt.y)Qy = Q (1- Q@ —c1gtz) t>0, yeR,
Ry = D3 A%(O)Ryy — B(t.y)Ry = R (kg —mi — oy ), £>0, y€R, (2.2)
Q(0,y) = ¢1(hoy), R(0,y) = ¢2(hoy), y €R,

Wi AWy, = Blt.y)Wy =W (kagliy —ma), >0, Jyl <1,

W(t,y) =0, t>0, |yl >1, (2.3)
W(0,y) = ¢3(hoy), ly| <1,
9(0) = —ho, ¢'(t) = —pA)W,y(t,-1), t=0, (2.4)
h(0) = ho, I(t) = —pA(t)W,(t,1), t>0, '
where
Alt) = 2  Blty) = Wt)+g' @) W) —g@)

h(t) — 9(0) ) —glt) B —gt)

The rest of the proof is similar to that of Theorem 1.1 in [23] and Theorem 2.1 in [28]. By using the upper and
lower solutions method, we may get the local existence of the solution (@, R, W) to the initial-boundary value
problems (2.2) and (2.3) with fixed boundary for given g(¢) and h(t). Then, the local existence and uniqueness
of the solution (Q,R,W,g,h) to (2.2), (2.3), and (2.4) is obtained by the contraction mapping theorem, LP
theory, Schauder theory and the Sobolev imbedding theorem [11]. See also Du and Lin [6], Wang and Zhang
[24]. We omit the details. O

To show the global existence of the solution, we need the following priori estimates.

Lemma 2.2. Assume that k1 > my and ko > mg. Let T > 0 and (N, P, Z,g,h) be a solution of (1.4) defined
fort € (0,T). Then there exist constants My, My, Ms and My independent of T such that

0< N <maz{|é1]lec, 1} €M, in(0,T) xR,
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k e
O<P§max{||¢2|oo, (t—l) Ml} d:fMg in (0,T) x R,

0 < Z < mazx {||¢3||oo, <:122 —~ 1) Mz} LMy in (0,T) x (9(t), h(t)),

—2uMsM, < g¢'(t) <0, 0<Rh'(t) <2uMszMy in (0,T),

[ko— Alldsllor -
_ 1 ka—ma Ccl([—hg,hgl)
where My = max { iy 52, 3, .

Proof. Firstly, as long as the solution exists, one can see that N, P > 0 in (0,7) x R and Z > 0 in (0,7T) X
(g(t), h(t)) by the strong maximum principle. Note that N, P and Z satisfy

N, — D;N,, < N(1— N), 0<t<T, z€R,
Pt—DQngP(klN%P—ml), 0<t<T, z€R,
Zt—Zm:Z(k:gPL_;Z—mg), 0<t<T, g(t) <z <h(t),
Z(t,x) =0, 0<t<T, x¢(g(t),ht)),
g'(t) = HZ (t,g(t), W (t)=—pZ(t,h(t), 0<t<T,

(07 ) (Z‘), (O,Jj) = ¢2(x)’ S ]R,
Z(0,r) = ¢3(x), —ho < x < hy.

In view of the comparison principle, N < M7, P < M5 and Z < M3.
To prove h/(t) > 0 for 0 <t < T, set

x
Y= %a Q(tay) = N(t,lL’), R(tvy) = P(t,fﬂ), W(tay) = Z(t,.’t),
and yet straighten the free boundary x = h(t) to the line y = 1. Hence, @, R and W obey

Wt—qp(t)wyy—ap(t,y)wy:W(kgmiw—mg), 0<t<T, 0<y<l1,
W(t,0) >0, W(ty) =0, 0<t<T, y>1,
W(0,y) = ¢3(hoy), 0<y<l,

where ¥(t) = h%(t), o(t,y) = h(g)) Then, W > 0 in (0,7) x [0,1) and the Hopf boundary lemma imply
Wy (t,1) < 0 for 0 < t < T. With the relation Z, = Wy it follows that Zy(t, h(t)) < 0. Consequently, A’ (t) > 0

h(t)’
for 0 <t < T. Likewise, ¢'(t) <0 for 0 <t < T.

We now claim h/(t) < 2uMsMy. To verify this assertion, compare Z with the following auxiliary function.
Define

F={(t2) eR*:0<t<T, h(t)— M; ' <z <h(t)}
and construct an auxiliary function
V(t,z) = M3 [2My(h(t) — x) — M7 (h(t) — 2)°] .
Direct calculations give that, for (¢,z) € T

)

Vi = 2MsMyh (H)[1 — My(h(t) —x)] >0, —Vyp = 2M3M},
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P
- > - )
M3(k‘2 mg) = A (k2P+ 7 mg)

Therefore, we observe that

Vi — Vi > 2MM? > My(ky —mo) > Z (kzpiz - mz) inT (2.5)
provided M3 > kr% Additionally, for 0 <t < T,
V(t,h(t)— M) =Ms > Z (t,h(t)— M), V(t,h(t)=0=Z(t h?)). (2.6)
Consequently, we expect to find some M, independent of T such that
V(0,2) > ¢3(x) for z € [hg— M[l,ho] . (2.7)

Thus, from (2.5), (2.6), (2.7), and the comparison principle, we may deduce V' > Z in I'. Then,
B (t) = —puZy(t,h(t)) < —uVi(t,h(t)) = 2uM3zMy, 0<t<T. (2.8)

It remains to show that (2.7) holds. To this aim, choose

1 ks —ma 4ldsllcr (—hono)
M, = =/ ’
4 7 Hax { ho’ 9 3Ms ’

and divide [ho — M[l,ho] into two subsets: [ho — M4_1,h0 — (2M4)_1] and [ho — (2M4)_1,h0]. For z €
[ho — (2My)~ 1, ho], we have

Vx(O,ZE) = —2M3M4[1 - M4(h0 - 1‘)] < —M3M4 < QS%(.I)
Combining this with V' (0, hg) = ¢3(ho) = 0, derives

V(0,2) > ¢3(z) for z € [ho — (2My) ™", ho).

4
As My > %ﬁhow, for @ € [ho — M; ", ho — (2M4)™!], we have

V(0,2) > SMs > ||¢3(2) et ((—hone) Ma - = d3(2).

o] oo

So, (2.7) holds. It means that (2.8) is valid. Similarly, ¢’(¢) > —2uMsMy. The proof is finished. O

Theorem 2.3. Assume that k; > mq and ke > ma. Then the solution (N, P,Z,g,h) of (1.4) exists and is
unique for all t € (0,00).

Proof. Let Tihax be the maximum existence time of (N, P, Z, g, h). Taking advantage of Theorem 2.1, we observe
Tmax > 0. We now wish to show Tj,.x = oo.
Suppose that T, < co. In terms of Lemma 2.2, we have

0SN<M,0<P<M inl0 o) xR,
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0<Z< Mz in [0, Tiax) % [g(t), h(2)],
0 < h'(t) <2uMzMy, ho < h(t) < ho+2uMzMat  in [0, Tinax),
—2uMsMy < ¢'(t) <0, —2uMsMyt — ho < g(t) < —ho in [0, Trax)-

Choose o € (0,Tmax). Arguing as the same as the proof of Theorem 2.1, one can see that N(t,-), P(t,-) €
C’lloti(R), IN(, )lpe (R) < My and ||P(¢,-)||z=(R) < My for t € [0, Tiax). In addition, there is a positive

constant C' independent of Thax such that [|Z(t,-)llwz(gt)ne))) < C for t € [0, Tinax). Then, following the
proof of Theorem 2.1 again, there exists 7 > 0 independent of Ty, such that the solution of (1.4) with initial
time Tiax — % can be extended uniquely to the time Tinax — % + 7. This means that the solution of (1.4) can
be extended as long as N, P and Z remain bounded, which is in contradiction with our hypothesis. Thus,
Trax = 00. The proof is complete. O

3. LONG TIME BEHAVIOR OF (N, P, Z)
Thanks to Lemma 2.2, there exist goo € [—00,0) and he € (0, 00] such that tlim g(t) = goo and tlim h(t) = heo-
— 00 — 00
Then, the subsequent analysis is divided into two parts: vanishing case (hoo — goo < 00) and spreading case

(hoo = goo = 00).
We now present the following results that will be used frequently.

Proposition 3.1. ([28], Prop. 8.1) Let d, 8 and 0 be fized positive constants, and £ be a non-negative constant.
For any given €, L > 0, there exist T. > 0 and l. > max {L7 g\/%} such that when the continuous and non-

negative function w(t,x) satisfies

wt — dwzy > (LSw(B —bw), t>0, —l. <z <,
w(0,z) > 0, —le <z <l

and fort >0, w(t,xl) > ()k if K > 0, while w(t,£l.) > (=)0 if Kk = 0, then we have

w(t, ) >§—e (w(tw) < §+6>’ Vt>T, x€[-L,L].

This implies

lim infw(t, z) > b_ € (hm supw(t, z) < s + e) uniformly on [—L, L].

t—o00 0 t—s00 0

Lemma 3.2. Assume that 8 > 6. Let d, 3, 0 and 0 be fized positive constants, and k be a non-negative constant.
For any given € > 0 and L > 0, there exist T, > 0 and l. > max {L7 54/ ﬁ} such that when the continuous

and non-negative function w(t, ) satisfies

otw

Wi — AWy > (S)w(ﬂ—@, t>0, —l.<xz<l,,
w(0,z) > 0, —le<x <l

and for t > 0, w(t, £le) > (<)k if K > 0, while w(t, i) > (=)0 if kK = 0. Then, we obtain

w(t7x)>%—g—e (w(t,x)<ﬁ09—g+e>, Vt>T., xz€[-L,1L]
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which implies

liminfw(t, z) > Bo _ 0o—¢€ (limsupw(t,z) < Bo _ o+ €| uniformly on [—L, L].
t—o0 0 t—o00 0

The proof of Lemma 3.2 is similar to that in Lemmas A.5 and A.4 in [33] with some modifications and we omit
it here.

3.1. Vanishing case: hoo — goo < 00

To discuss the vanishing case, we first exhibit the following estimate and remember a basic result.

Theorem 3.3. Let (N,P,Z,g,h) be the unique global solution of (1.4). If hoo — goo < 00, then there is a
constant & > 0 such that

1Z(t, lerqgey ey <& ViE>1, (3.1)
. ’ T ’ _
A9 (@) = fip ) =0 (32)

Proof. By similar arguments in the proof of Theorem 2.1, we adopt the following transformation

_ 22— g(t) — h(1)

h(t) — g(t) ) Q(tvy) = N(tvx)v R(t,y) = P(ta (E), W(tvy) = Z(tvx)

to straighten the free boundaries x = h(t) and x = g(t) to the lines y = 1 and y = —1. The direct calculations
show that R, W obey (2.3) and g, h satisfy (2.4). Consequently, in light of Proposition 7.1 from [28], there exists
a constant £y > 0 such that

‘|W||CHTQ‘1+“([1,O<>)><[—1,1]) < &o- (33)
With he — goo < 00 and the relation Z,(t,z) = WWy(t,y), we derive (3.1).
We now check tlim ¢’ (t) = 0. Recalling (3.3), ||[W, (-, 71)”0%([1 ) < &o holds. Then, we may find a constant
—00 »O0
M > 0 such that —M < ¢/(t) < 0 as in Lemma 2.2 and yet (2.4) yields

2

/!

g@t)=—pZ.(t,glt) =— W, (t,—1
( ) ( ( )) h(t) _ g(t) y( )
Combining all above, there exists a constant & > 0 such that

We have go, > —00 and hs < 00 according to the condition Ao — goo < 00. Assume that 26lim g'(t) = 0 does
—00

not hold. Then, for some ¢ > 0, there exists a sequence {t,} such that ¢, — oo and ¢'(¢,) = —d as n — oo. In
terms of (3.4), we choose € > 0 so small that ¢'(t) < —2 for all t € [t, —€,t, + ¢ C [l,00) foralln =1,2,---.
Thus,

tn+e

7g/(7) dr < i / ,g dt = —o0. (3.5)

"=1tn—e
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In addition,

/g'(T) dr = lim [ ¢'(7)dr = lim g(¢) — g(1) = goo — g(1) > —o00.

t—o00 t—o0
1

This result contradicts with (3.5). Hence, tlim ¢'(t) = 0 holds. Similarly, tlim h'(t) = 0 can be proved. The proof
—00 —00
is finished. O

Lemma 3.4. (/26], Lem. 4.1) Let d, C, i and po be positive constants, w € W,2((0,T) x (0, p(t))) for some
p>1and any T >0, and w, € C([0,00) x [0, p(t)]), p(t) € C([0,00)). If (w,p) satisfies

wy — dwg, > —Cw, t>0, 0<z<pt),
w >0, t>0, =0,
w:O? p’(t)Z—,uwx, t>07 x:p(t)a
w(0,2) =woe(z) >, 20, =z € (0,p0),

p(0) = po,

and

lim p(t) = poo < 00,  lim p/(t) =0,
t—o0

t—o0

Jw(t, ')”CI[O,p(t)] <¢ Vix>1
for some constant € > 0. Then

lim max w(t,z)=0.
00 0<z<p(t)

Theorem 3.5. Assume that k1 > my and ¢; < 1. Let (N, P, Z, g, h) be the unique global solution of (1.4). If
hoo — goo < 00, then

tli}m N(t,x) = N3 uniformly in any compact subset of R, (3.6)
oo
tlim P(t,x) = Py uniformly in any compact subset of R, (3.7)
—00
d ([ 2 @)l eg.ne = 0- (3.8)

Proof. First, from Theorem 3.3 and Lemma 3.4, we deduce (3.8). Fix 0 < n < 1. In view of Z(¢t,2) =0 for ¢t > 0
and z ¢ (g(t), h(t)), there exists To > 0 such that

Z(t,x) <mn in [Tp,00) X R. (3.9)
O
Next, we prove (3.6) and (3.7) by constructing the following iteration sequences {N;}, {P;}, {N;} and {P;}.

Step 1: The constructions of N; and P;.
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Take M = max{M;, Ma, M3}, where M; (i = 1,2,3) is determined by Lemma 2.2. It is easy to see that N
satisfies

N, — DN,y < N(1—N), t>0, z€R,
N(t,z) < M, t>0, z €R,
N(0,2) = ¢1(z) > 0, z € R.

Using the comparison principle, we observe

limsupN (¢t,z) <1 def

t—o0

N, uniformly on the compact subset of R. (3.10)

Set L>>1 and 0 < €,0 < 1. Let I. be given as in Lemma 3.2 with 8 = ki, o = Ny + 0, § = m; and k = M.
Owing to (3.10), there is T3 > Tp such that

N(t,z) < Ny +0 in [Ty, 00) X [, 1].
Hence, P obeys

P, — DyP,, gP(kl%;fP —ml), t>Ty, I <z <l

P(t,:l:le)gl\i7 t>"1,
P(Ty,z) > 0, . <z<l.

Applying Lemma 3.2, we discover

k —
limsupP(t,x) < <1 - 1) (N1 + 0) + € uniformly on [—L, L].

t—o0 my

In consideration of the arbitrariness of L, ¢ and §, we obtain

limsupP(t,z) < ( — 1) N, Py uniformly on the compact subset of R. (3.11)

t—o0

Step 2: The constructions of N; and P;.
Let L > 1, 0<¢€0 <1, and [, be governed by Proposition 3.1 with 8 =1—-¢; —9, § =1 and £ = 0.
Therefore, there exists Ty > T3 such that N satisfies

Nt—DlNIIZN(].—N—Cl—(s), t>Ts, —l. <z <l
N(t,xl) >0, t > 1T,
N(Tz,z) > 0, . <z<l..

By Proposition 3.1, we get

liminfN(¢,2) > 1 — (¢1 + 6) — € uniformly on [-L, L].

t—o0

In view of the arbitrariness of L, € and §, we derive

liminfN(t,z) > 1 - ¢ LN, uniformly on the compact subset of R. (3.12)

t—o0
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Take L > 1, 0 < €,0,0 < 1, and [, be determined by Lemma 3.2 with 8 = k1, o = N1 — 6, 8 = m1 + ca0 and
k = 0. Thanks to (3.9) and (3.12), we may find T3 > T5 such that

Z n

P+Z “n+P

<o, N(t,z) > N1 —06 in [T3,00) X [—le, 1]
Then, P obeys

R—Lbawzp(m{%gﬁ—ml—@ﬂ, t> Ty, —l <z <l
P(t,+1,) > 0, t> Ty,
P(T5,2) > 0, . <x<l..

Again, by using Lemma 3.2, we infer

ky

mi + ca0

litm infP(t,z) > ( - 1) (N1 — 6) — € uniformly on [-L, L].
—00

Because of the arbitrariness of L, €, § and o, we check
k
litm infP(t,z) > (1 - 1> Ny def Py uniformly on the compact subset of R. (3.13)
—00 mq
Step 3: The constructions of Ny and Ps.

Choose L > 1, 0 < ¢,§ < 1. Let [ be as in Proposition 3.1 with 8 =1 —¢; A}?fg ,0=1and k =0. Owing
to (3.12) and (3.13), there is Ty > T3 such that -

N(t,x) > Ny — 0, P(t,z) < Py + 9§ in [Ty,00) x [~lc, 1]
Accordingly, N satisfies

NfJLMWZNO—NFqﬁ%%» t>Ty, —l <z <l

N(t,+l.) >0, t> Ty,
N(Ty,z) >0, —l. <z <l..

Utilizing Proposition 3.1, we deduce

P +6
liminfN(¢t,z) > 1 — cllii — € uniformly on [—L, L].
treo N1+ P

In virtue of the arbitrariness of L, € and 4, we have

Pl def

liminfN(t,z) > 1 — ¢ — = N uniformly on the compact subset of R. (3.14)
t—o00 Nl + Pl

Select L > 1,0 < ¢,0,0 < 1. Let [, be governed by Lemma 3.2 with 8 = ki, o = No — 6, 8 = mq + co0 and
k = 0. Thanks to (3.9) and (3.14), there exists T5 > T4 such that

Z n

P+Z Pty

<o, N(t,z) > Na—0 in [T5,00) X [—le, 1]
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As a consequence, P obeys

Pt*DQPrrZP<k1NZLV_27;_iP*m1*CQU)a t>T5, 7ZE<Z<ZE,

P(t,£l.) >0, t>1Ts,
P(T5,z) > 0, . <z <l,.

Employing Lemma 3.2, we conclude

k1

liminfP(t,z) > (
t—00 m1 + Ca0

- 1) (N2 — §) — € uniformly on [—L, L].
In light of the arbitrariness of L, €, 6 and o, we observe

k e .
litm infP(t,z) > (1 — 1) Ny def P, uniformly on the compact subset of R. (3.15)
—00 mi

Step 4: The constructions of Ny, Ps.

For any given L > 1 and 0 < ¢,) < 1, let I, be determined by Proposition 3.1 with 8 =1—¢; ffi]ﬁ ,0=1
1TL2
and K = M. According to (3.10) and (3.15), we can find T > T such that
N(t,z) < Ny +06, P(t,z) > P, — 3§ in [T, 00) x [—le, 1]
As a result, N satisfies
N, — DyN,, SN(1—N—C1£27—5), t> Ty, —l <z <.,
Ni1+P>
N(t,+l) < M, t > Ts,
N(Ts,x) > 0, —l. <z <l..
Using Proposition 3.1, we discover
. Py —0 .
limsupN (t,z) < 1 — ¢y =—— + € uniformly on [—L, L].
t—00 N+ B
In consideration of the arbitrariness of L, ¢ and d, we have
P _
limsupN(t,z) <1 — ¢ ——— LN, uniformly on the compact subset of R. (3.16)
t—oo N+ B

Fix L > 1,0 < ¢,8 < 1. Let I, be given as in Lemma 3.2 with 8 =Fk;, 0= No+6, # =m; and k = M.
Thanks to (3.16), there is T7 > Ty such that

N(t,z) < Ny + 0 in [Tr,00) x [, 1]

Consequently, P obeys

P, — DyP,, <P (kl Nﬁj;fp . ml) ST <<l
2

P(t,+l.) < M, t> Ty,
P(T7,x) >0, . <z <l..
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By Lemma 3.2, we get

k —
limsupP(t, x) < <1 - 1) (N3 + 0) + € uniformly on [—L, L].
t—o0 my

In terms of the arbitrariness of L, € and ¢, we derive

limsupP(t,z) < (kl — 1> N, ¥ p, uniformly on the compact subset of R. (3.17)
t—o0 my
Combining all above equalities with the conditions k1 > mj and ¢; < 1, we deduce that ]31, Ny, P1, No, P>,
Ny and P, are positive constants.
Step 5: Continuing the above routine, we obtain four sequences {N;}, {P;}, {IN;} and {P;}, whose monotonicity
is straightforward; namely, for all i = 2,3, - -,

Ny <o <N; <0 < litmian(t,m) <limsupN(t,z) <--- < N; < --- < Ny, (3.18)
—00 t—oo

<. <P< < litmian(Lx) <limsupP(t,z)<---< P <--- <P (3.19)
—00 t— o0

uniformly on the compact subset of R. Furthermore, these sequences can be determined by the following iterative
formulas:

.

k — k P; — bB;
_<1_1)Ni7pi_<1_1)Ni,Ni+1_1— O Nip=1- 21 =12
mi my N; + P; N+ Pt

Because of the constant sequences {N;}, {P;} are monotone non-increasing and bounded, {N;}, {P;} are
monotone non-decreasing and bounded. Hence, all of those sequences limits of exist. Let us denote their limits
by N, P, N and P, respectively. Then,

Pz(kl—l)N, Pz(kl—l)N, N1 9P j_,_ af
N+P N+ P

This, together with the conditions k; > m; and c¢; < 1, yields N=N-= N3 and P=PrP= P5. Thus, from
(3.18) and (3.19), we get (3.6) and (3.7).

3.2. Spreading case: hoo — goo = 00

For convenience of later analysis, we now present the following comparison principle which can be proved
by the same way as that of Lemma 3.5 from [6] and the details will be omitted.

Lemma 3.6. (Comparison principle) Let T € (0,00), g,h € C1([0,T)), Z € C1? (I}g’ﬁ)) ncC (.ﬂTg’ﬁ)) with
I(Tg’h) ={(t,z) eR?:t € (0,T], = € (g(t),h(t)}, ¢ € C' and obeys ((0) = 0. Assume that (Z,g,h) satisfies
Zy — Zpw > C(Z), 0<t<T, g(t)<x<h(t),

t,z) =0, 0<t<T, x¢(g(t),h(t)), (3.20)
g 0<t<T.

Q|
—~ =
~
S
IN
|
=
NI
—
v@#-
Q
=
~
=
=
5
—
~
N
1V
\
=
HN\
—
ﬂh&-
>
=
—
=
=
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If g(0) < —hg, h(0) > hg, and Z(0,2) > ¢3(x) in [~ho, ho], then the solution (N, P,Z,g,h) of (1.4) satisfies
g(t) = g(t), h(t) <h(t) in [0,T); Z(t,x) < Z(t,2) in [0,T] x [g(t), h(1)]-

The pair (Z,§,h) in Lemma 3.6 is usually called an upper solution of (Z,g,h). Moreover, suppose that
(Z,g,h) satisfies the conditions in Lemma 3.6 and (3.20) in which all inequalities in the obvious places are
reversed, then we may obtain that g(t) < g(t), h(t) > h(t) in [0,T] and Z(t,2) > Z(t,x) in [0,T] x [g(t), h(t)].

Next, we give the following proposition which asserts the equivalence of hoo — goo = 00 and goo = —00,
hoo = 0.

Proposition 3.7. Assume that ko > mq. Let (N, P, Z, g, h) be the unique global solution of (1.4). If hoo — goo =
00, then goo = —00 and hoo = 00.

Proof. Suppose that ho, < co. Then the condition ho, — goo = 00 implies g, = —o0, and yet there is T > 1

such that
ho — g(T) > 7y ——
0—49g T fg — Ty

Zy — Ly > —Mn 2, t>T, g(T) <x < h(t),
Z(t,z) =0, t>T, z ¢ (g(T),h(t)),
W(t)=—puZ,(t,h(t), t=>T.

Hence, Z satisfies

Let (w, p) be the unique global solution of

Wi — Wag = —MowW, t>T, g(T) <z < p(t),
w(t,a:) =0, t>T, x ¢ (g(T)’p(t) )
p'(t) = —pws (¢, p(t)), t=>T,

p(T) =h(T), w(T,z) = Z(T,z), g(T)<z<p(T).

Using the comparison principle, we observe that h(t) > p(t) in [T,00) and Z(t,x) > w(t,z) in [T,00) X

[9(T), p(t)]. According to
pT) — g(T) = W(T) — () > ho — () >

by Theorem 3.2 from [21], we conclude lt1im h(t) = 00, i.e., hoo = 00. This result contradicts to our assumption.
—00

So, ho = o0 holds. Likewise, we may prove go, = —oo. The proof is complete. O

Theorem 3.8. Assume ko > ma, k1 > mq +c2 and ¢1 < 1 hold. Let (N, P, Z, g, h) be the unique global solution

of (1.4). If hoo — goo = 00, then

lim N(t,z) = N3, tlim P(t,xz) = P5, tlim Z(t,x) =23 (3.21)
— 00 — 00

t—o0

uniformly in any compact subset of R.

Proof. Take M = max{M;, Ma, M3} is defining as in the proof of Theorem 3.5. As before, we construct the
following iteration sequences {N;}, {P;}, {Z:}, {N:}, {P:} and {Z;}.
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Step 1: The constructions of Nl, P, and Z;.
Taking advantage of (3.10) and (3.11), we observe that

def

limsupN (¢, z) < 1= N; uniformly on the compact subset of R (3.22)
t—o00
and
k ef 5 .
limsupP(t,z) < M Py uniformly on the compact subset of R. (3.23)
t—00 my

Set L>>1and 0 < ¢€,6 < 1. Let I, be given as in Lemma 3.2 with § = ks, 0 = P, + 6, § = my and x = M.
According to goo = —00 and he, = 00, there exists Tg > 0 such that g(t) < —I. and h(t) > I for t > Tg. In
virtue of (3.23), we have

P <P +§ in[Tg,00) x [, 1]
Then, Z obeys

Zt—ngZ(kQ%—mg), t> Ty —l, <z <l

Z(t,£l.) < M, t> Ty,
Z (T, x) > 0, . <x<l..

Applying Lemma 3.2, we derive

limsupZ(t,z) < (kz - 1) (Py + 8) + € uniformly on [—L, L].

t—o0 ma
Because of the arbitrariness of L, € and d, we check
k — k k
limsupZ(t,z) < <2 - 1) P = (2 _ 1) (1 _ 1)
t—o00 mo mo mi
def Z, uniformly on the compact subset of R. (3.24)

Step 2: The constructions of N1, P; and Z;.
Choose L > 1, 0 < ¢,§ < 1. Let [, be determined by Proposition 3.1 with f =1—¢; — 6,0 =1 and kK = 0.

Thus, we may find Ty > Tg such that N satisfies

Ny —DiNyp > N1 =N —¢1—96), t>Ty, —le <z <l

N(ta :l:ls) > O; t> T97

N(Ty,x) > 0, —1.<z<l.
By Proposition 3.1, we deduce

litm infN(t,z) >1—c¢; — 6 — e uniformly on [-L, L].
—00

In consideration of the arbitrariness of L, ¢ and §, we discover

liminfN(t,z) > 1 - ¢ def N7 uniformly on the compact subset of R. (3.25)

t—o0
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Take L > 1,0 < €,0,n < 1. Let [, be governed by Lemma 3.2 with 8 = k1, o= N1 —§, 0 = my + co + 7 and
k = 0. Thanks to (3.25), there is T19 > Ty such that

N(tax) Z Nl -6 in [T107OO) X [716516}'

Consequently, P obeys

Ni—6+P

P(ta :l:ls) Z 0; t Z TlO,
P(Tlo,IZ?) > O, 7ZE <z< ls.

Pt—DngzzP(klﬂl—“;—ml—mn), t> Ty, —le <z <l

Arguing as the same as step 1,

ligian(t,x) > ( M 1) Ny = ( Moo 1) (1—c1)

mi + co mi + cg
def P; uniformly on the compact subset of R. (3.26)
Fix L > 1 and 0 < ¢,§ < 1. Let [, be given as in Lemma 3.2 with 8 = ks, o = P; — 0, § = my and k = 0.
Owing to geo = —00 and hy = 00, there exists T11 > Tio such that g(t) < —l. and h(t) > I for t > T1;. In
terms of (3.26), we get
P(t,l‘) Z El —40 in [Tll,OO) X [716,15].

Hence, Z satisfies

Zt—Z:chZ(kZL_J_m2>a t>1Tn, —l.<z <l

P—0+Z
Z(t,+l.) >0, t>1Ti,
Z(Tll,l’)>0, —l.<z<l.
Similar to step 1,
k k k
liminfZ(t, z) > (2 - 1) P = (2 - 1) ( L 1) (1—cy)
t—00 mo - ma my + C2
&f Z1 uniformly on the compact subset of R. (3.27)

Step 3: The constructions of No, Py, Zs. B
For any given L > 1 and 0 < ¢,0 < 1, let [, be determined by Proposition 3.1 with 8 =1 — clﬁ, =1
FANN 1
and k = 0. According to (3.23) and (3.25), we can find Tj5 > T71 such that

P(t,x) S 131 +6, N(t,l’) Z Nl — 0 in [Tlg,OO) X [715,16].
As a result, N obeys

Nt—DlszzN(l—N—clf%), t> Ty, I <z <1,
iv1 1

N(tv :l:le) Z Oa t 2 T127
N(T12,$)>0, —l.<z<l.
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By the same arguments as step 2, we infer

Pl 1—61

— = K1
N+ Py ki —cimy

IminfN(t,z) > 1— ¢
t—o0
ef Ny uniformly on the compact subset of R. (3.28)

Select L > 1, 0 < ¢€,0,7 < 1. Let . be governed by Lemma 3.2 with 8 =k, 8§ = my +c2 +n and Kk = 0.
Thanks to (3.28), there is T13 > T12 such that

N(t,l‘) Z NQ — (S in [Tlg,OO) X [_le;le]-
As a consequence, P satisfies

Pt—DQPmZP(k1N2LV_27$—m1—Cz—Tl>7 t>T3, —l. <z <l
P(tvils) > Oa t> T137
P(T13,l‘) >0, —l.<z<l..

Arguing as the same as step 1,

1—
liminfP(t, z) > (kl — 1) Ny =k ( b 1> (Cl)
t— 00 mi + Co - mi + Co ki —cimq

def P uniformly on the compact subset of R. (3.29)

Let L>1,0<¢,d <1, and [, be given by Lemma 3.2 with = k3, 0 = P, — 9, § = mo and k = 0. Owing
t0 goo = —00 and heo = 00, there exists Ti4 > T13 such that g(t) < —l. and h(t) > I, for t > T14. By (3.29), we
have

P(t,z) > Po — ¢ in [Th4,00) X [—l¢, 1]
Accordingly, Z obeys

Zi = Zaw 2 7 (haplisly —ma) 1> T, —le<a <l
Z(t,*l) >0, t > Ty,
Z(T14,$) > 0, —l.<z<l..

Similar to step 1,

k k k 1-
liminfZ(t, ) > (2 - 1) Py=k (2 - 1) (1 - 1) (Cl)
t—00 mo = Mo my + co ki —cimy

def Zo uniformly on the compact subset of R. (3.30)

Step 4: The constructions of No, Py, Zs.
Take L > 1 and 0 < €,0 < 1. Let I, be determined by Proposition 3.1 with 8 =1 —¢; £2=%, § = 1 and

ﬁﬁ-fz
k = M. According to (3.22) and (3.29), we may find Ty5 > T14 such that

N(t,z) < Ny +06, P(t,x) > P, —§ in [T15,00) X [—lc, L]
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As a result, N obeys

Nt—DlegN(l—N—clfzi), t> Ty, -l <z <l
N1+Ps

N(t7:l:le) S M7 t 2 T157
N(T15,£C)>O, —l.<z<l.

By the same argument as step 2, we conclude

P of = .
limsupN(t,z) <1— o——2_ YR, uniformly on the compact subset of R. (3.31)

t—o00 N1+ DB

Set L > 1,0 < ¢€,0 < 1. Let I. be governed by Lemma 3.2 with § = ki, o = Ny 4+ 0, § = m; and k = M.
Thanks to (3.31), there is Th¢ > T15 such that

N(t,z) < Ny +6 in [Ti,00) X [—le,l].

Therefore, P satisfies

Py —DyPpy <P (lﬁ Ni";fp - ml) , t>Te, —le <x <,

P(ta ile) S Ma t 2 T163
P(T167£L’) > 0, —l.<z<l,.

Arguing as the same as step 1,

k = def 5 .
limsupP(t,x) < (1 — 1> N, ¥ P, uniformly on the compact subset of R. (3.32)
t—o0 mi

Fix L > 1, 0 < €,0 < 1. Let . be given as in Lemma 3.2 with 3 = kg, 0 = P, + 0, § = my and x = M.
Owing to goo = —00 and he, = 00, there exists Ty > Ty such that g(t) < —l. and h(t) > I for t > Ty7. In view
of (3.32), we observe

P(t,z) < Py +6 in [Ty7,00) X [, 1 ].

Hence, Z obeys

Zt—waSZ(kggﬁ—mg), t>Tig, —le <z <,

Z(tvile) SMv tZT177
Z(Ty7,x) > 0, —le <z <l
Similar to step 1,
k = def 7 .
limsupZ(t,z) < (2 - 1) A uniformly on the compact subset of R. (3.33)
t—00 ma

B Conseguently, from ko > ma, k1 > mq + ¢z and ¢ < 1, we deduce that Py, Z1, N1, Pi, Z1, No, Ps, Zo, No,
P, and Z5 are positive constants.
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Step 5: Repeating the above procedure, we can find six sequences {N;}, {P;}, {Z;}, {N;},{P;} and {Z;}, whose
monotonicity is straightforward; namely, for all ¢ = 2,3, -,

Ny < <N; < - <11m1an(t r) <limsupN(t,z) <--- < N; < --- < Ny, (3.34)
t—o0

P<- - <P<- < l1tmmfP(t r) <limsupP(t,z) <--- < P, <--- < Py, (3.35)
t—o0

Zy << Zi < <liminfZ(t2) < lmsupZ(t,2) < -0 < 7; << 7y (3.36)
t—o0

uniformly on the compact subset of R. Moreover, these sequences can be governed by the following iterative

formulas:
k
= (1 - 1) N;,
mi

k k P,
Pi:( 1 _1>Nz‘, Zi:<2_1>Piv Nipp=1- 20
- m1 + Co - - mo - - N; + P;

Since the constant sequences {N;}, {P;}, {Z;} are monotone non-increasing and bounded, {N;}, {P;}, {Z;}
are monotone non-decreasing and bounded, the limits of these sequences exist. Denote their limits by N, P, Z,
N, P and Z, respectively. Thus,

gl

_ k _ _ R
Zi:(2—1>Pi, Nigp =1 A&t
m2 Ni+ Py

fori=1,2,---

P=(b-1)N,  Z-=(-1)P N=1-2L
ma mo N+:P
P=(z-1)N, z=(&2-1)p N=1-2L

mirc2 mo N+P

With the assumptions, we derive N = N = N}, P = P = P; and Z = Z = Zj. Therefore, from (3.34), (3.35),

and (3.36), it follows that (3.21).

O

4. THE CRITERIA GOVERNING SPREADING AND VANISHING

In this section, we focus on the criteria governing spreading and vanishing. We first give a necessary condition
for vanishing.

Theorem 4.1. Suppose that ky > my, ko > ma and ¢; < 1. Let (N, P, Z,g,h) be the unique global solution of

(1.4). If hoo — goo < 00, then
e 1

— g < 00 implies that tliglo”Z(t’m)HC([Q(t)’h(t)D =0,
— goo > A. For

Proof. In view of Theorem 3.5, the condition hs
lim N(t,z) = NJ and lim P(t,z) =
t—o0 t—o0

any given 0 < 6 < 1, there exists T' > 1 such that

Pj uniformly in any compact subset of R. Suppose that hs

P(t,z) > Py — 4 in [T,00) X [goo, Poo)s

h(T) — g(T) > max {2hg, A}.
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Let w(t, x) be the solution of the following initial-boundary value problem
wt—wmzw(kg%—r@), t>T, g(T) <z < h(T),
w(t, g(T)) = w(t,h(T)) = 0, t>T,
w(T,z) =Z(T, x), g(T) <x < h(T).

Then, by using the comparison principle, we deduce w(t,z) < Z(t,z) in [T, 00) x [g(T), h(T)]. Due to h(T) —
g(T) > A, one can easily see that w(t,z) — J(x) as t — oo uniformly in the compact subset (g(T), h(T)), where
J(x) is the unique positive solution of

{ ﬂwz""ﬁ(kQ%_m?) =0, g(T> <.’17<h<T),
Hg(T)) = I(h(T)) = 0.

Consequently,
ligian(t,x) > lim w(t,z) =d(x) >0 in [g(T), h(T)],
which is in contradiction with (3.8). So, (4.1) holds. O

Remark 4.2. For all g > 0, if ko > ms, then hg > % implies that go, = —00 and h, = co by Proposition 3.7
and Theorem 4.1.

We now pay close attention to the case hy < %

Lemma 4.3. Assume that k1 > mq and ke > mo. Let (N, P, Z,g,h) be the unique global solution of (1.4). If
ho < %, then there exists p* > 0 depending on (¢1, 2, P3, ho) such that goo = —00 and heo = 00 if > p*.

Proof. The proof is inspired by Lemma 3.6 from [19]. Take M = max{M;, M, M3} is defining as in the proof
of Theorem 3.5. Observing the third equation of (1.4), for all P, Z € [0, M], we may find a positive constant §*
such that

P
— = _— > * .
Ly — Lpw =72 <k2 7 mg) > =6z

Consider the following auxiliary free boundary problem

Wt — Wgg = _5*("), t> 0; Pl(t) <z< p?(t)v

w(t,z) =0, t>0, x ¢ (pi(t), p2(t)), (4.2)
p1(t) = —pws(t, p1(1), pa(t) = —pwa(t, p2(t)), =0, '
p1(0) = —hg, p2(0) = ho, w(0,7) = ¢3(x), —ho <2 < ho.

Arguing as in the proof of the existence and uniqueness of the global positive solution to (1.4), we deduce that
(4.2) also admits a unique positive solution (w, p1, p2) defined for all ¢ > 0. In addition, w is bounded above by
some positive constants and p)(t) < 0 < ph(¢) for all ¢ > 0. Now we write (Z#, g*, h*) and (w”, p¥, p5) in place
of (Z,g,h) and (w, p1, p2) to clarify the dependence of the solutions on the parameter p.

Applying the comparison principle, we derive

ZM(t,x) 2 W (t, @), g"(8) < py (1), W(1) 2 ph(t), V120, z € [ph(2), o5 (1)]-
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Then there exists a constant p* > 0 such that p4'(2) < —A and p4(2) > A for all 4 > p* and ¢t > 0 as in the
proof of Lemma 3.2 in [27]. Hence,

goo = lim g"(t) < g"(2) < p(2) < A, hoo = lim h*(t) > h¥(2) 2 p5(2) Z A, YV p =,

which is equivalent to hso — goo > 2A. With Theorem 4.1, it implies hso — goo = 00. Therefore, we deduce that
Joo = —00 and hy, = oo from Proposition 3.7. This complete the proof. O

Lemma 4.4. Suppose that k1 > my and ko > ma. Let (N, P, Z,g,h) be the unique global solution of (1.4). If
ho < %, then there exists p, > 0, depending on (¢1, 2, d3, ho) such that heo — goo < A when p < puy.

Proof. We first observe that A\, = % and p(x) = sin W(IQTJT“) are the principal eigenvalue and the corresponding
0

positive eigenfunction of the problem

{ —Qrz = Ap, —hg <z < hg,
gO(ﬂ:ho) = 0,

and there exists v > 0 such that
z¢’(z) < vp(x), ¥V € [~ho,ho). (4.3)
The condition hg < % indicates A\; > ko — mo. Motivated by Wang [21, 22], we define
f(t)=1+25—6e ", s(t)=hof(t), t>0,

W(t,z) = Me Ty (fft)) , t>0, —s(t) <z < s(t),

where 0 < 6,7 < 1 and M > 0 will be selected later. Denote y = % Making use of (4.3) and A\; > ko — ma,
some straightforward calculations show that

Wt *Wxx*W(k27m2)
B :L,f/ SO//
= Me™ {—WS@—SD/F - F — (ky —m2)
A
EW{—U—/‘&ﬂ‘i‘fé—(b—mz)} >0, Vt>0, —s(t) <z <s(t)

provided 0 < §,7 < 1. Furthermore, we choose sufficiently large M such that

W(0,2) = My (&) > ¢3(z), Yz € [~ho, ho]-

Additionally, we discover

Me™mt
f(t)

Recalling ¢’'(—hg) > 0 and ¢'(hg) < 0, there is a constant 0 < p. < 1 such that

s'(t) = hodne ™, W (t,£s(t)) = 0, W (t,£s(t)) = ¢ (£ho) .

Mo M
—hodn < *Mmsﬁ (=ho), hodn > *#m@'(ho)v Vit>0



DYNAMICS OF A THREE SPECIES RATIO-DEPENDENT FOOD CHAIN MODEL 23
for all 0 < g < p. Therefore,
=5 (t) < —pWa(t, =s(t), s'(t) = —puWa(t,s(t), Vt=0.
On the other hand, Z(t, z) satisfies
Zy — Zpw — Z(ka —ma) <0, V>0, gt) <z < h(t).
Thus, we conclude from Lemma 3.6 that

g(t) > —s(t), h(t) <s(t), Yt>0.

This implies that

A A
Joo > lim (—s(t)) = —ho(1 +29) > —5 > %, heo < tli)m s(t) = ho(1+26) < 5 < oo

~ t—oo

S0, hoo — goo < A. The proof is finished. O]

Note that p, < p*. Since p. > p* implies p > p* for p € [u*, pu.], we deduce using Lemma 4.3 that he, — goo =
oo. In addition, u < u, together with Lemma 4.4, yields hoo — goo < A. This is a contradiction. Hence, the
following theorem can be obtained.

Theorem 4.5. Assume that k1 > my and ko > ma. Let (N, P, Z, g, h) be the unique global solution of (1.4).
If hgy < %, then there exist u* > ps > 0, depending on (¢1, da, d3, ho) such that goo = —00 and ho, = 00 when
>, and heo — goo < A when < puy.

5. NUMERICAL SIMULATIONS

In this section, two numerical examples are carried out by Matlab to support our theoretical results. To be
computable, we fix some coefficients and initial functions as follows:

D1 = 0.5, DQ = 0.87 C1 = 0.838, Cy = 0.52, kl = 1.5, /{ig = 2, my = 0.61, mo = 1.05;

¢1(z) = 67%27 Pa2(z) = 0-867%7 ¢3(z) = 0.4 cos (m) )
2hg

It clearly follows from the above parameters that k1 > mq, ko > ma, k1 > mq 4+ c2 and ¢; < 1. This means that
the conditions are maintained in Theorems 3.5 and 3.8. Then, problem (1.4) admits the semi-trivial steady state
E; = (N3, Py,0) ~ (0.503,0.734,0). Combining with the formula

k1 1.5

A = =
o k?;;"z +my 052 x 2195 4061

~1.75>1,

we deduce that problem (1.4) has the unique positive constant steady state Es = (Ni, P, Z3) =
(0.641,0.481,0.435).

Now, we assume that the initial habitat hy and expanding capability u are both changeable and design the
following experiments:
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0.4

(a) vanishing case p = 0.6 (b) spreading case u =1

FIGURE 1. Evolution of (Z, g, h) with different expanding capabilities u = 0.6 and p = 1.

0.5
0.4 —

0.3

L

N 2

0.1+

FIGURE 2. Evolution of (Z, g, h) with expanding capability u = 0.6.

Example 5.1. Choose hg = 1. Some basic calculations give that hy < % = g,/m ~ 1.61. Furthermore,

Theorem 4.5 shows that if hg < % then vanishing happens with small expanding capability p and spreading
happens with large expanding capability. From Figure 1a, we observe that the smaller the expanding capability
u is, the slower the free boundaries x = ¢g(t) and x = h(t) increase, and Z(t,z) decays to zero quickly. The
numeric result shows that the top predator Z(¢, ) will eventually go to extinction, agreeing with Theorem 4.5.
However, in Figure 1b, the larger the expanding capability p is, the faster the free boundaries x = ¢(t) and
x = h(t) increase, and Z(t,x) stabilizes to a positive solution Z3. This means that the top predator Z (¢, z) will
eventually survive in the new environment. The numerical simulations illustrate the corresponding ecological
explanation as follows. If the initial habitat hg is less than expanding barrier %, then the expanding capability
u dramatically affect the top predator Z(¢,x) whether spreading or vanishing occurs.

Example 5.2. Take hyg =2 > % Comparing with Figure la, we can see that in Figure 2 the free boundaries
x = g(t) and z = h(t) increase fast, and Z(t, ) stabilizes to a positive solution Z3. It clearly shows that the top
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predator Z(t,x) successfully spreads to the entire space as time goes to infinity. The corresponding ecological
explanation depict that when the initial habitat hg is more than expanding barrier %, the top predator Z(t,x)
spreading always happens regardless of the expanding capability p. It turns out that Remark 4.2 is valid.

6. CONCLUSION AND DISCUSSION

In this work, we have studied the dynamics of a three species ratio-dependent food chain model with diffusion
and double free boundaries in one dimensional space, in which the free boundaries represent expanding fronts of
top predator species. We are mainly concerned with the case of a weak predation rate for the prey species (i.e.,
¢1 < 1). It is assumed that the top predator initially occupies a finite region [—hg, hg] and has a tendency to
expand its territories. The dynamic behavior of (1.4) exhibits a spreading—vanishing dichotomy, i.e., as t — oo,
either

(i) the top predator Z successfully establishes itself in the new environment in the sense that g(t) — —oo
and h(t) — oo. Moreover, N — Nj, P — Py and Z — Zj when ko > mg, k1 > my + ¢z and ¢; < 1 hold (see
Thm. 3.8);

or

(ii) the top predator Z spreads within a bounded area and vanishes eventually, i.e., h(t) — g(t) = hoo — goo <

1
k2—mg

P — Pj uniformly in any compact subset of R (see Thm. 3.5).

The phenomena look more realistic and may play an important role in the understanding of ecological
complexity.

Moreover, we provide the criteria for spreading and vanishing as follows. If the initial occupying habitat
[—ho, hol is beyond a critical size, i.e., 2hg > 74/ ﬁ, then spreading always happens regardless of the initial

s

and || Z(t, z)llc(get),ne))) — 0 when kg > my, ko > mg and ¢; < 1 hold. Furthermore, N — N3 and

population density (¢1, @2, ¢s3) (see Rem. 4.2). In contrast, if 2hg < 7 %m, then whether spreading or

k2

vanishing occurs is determined by the initial population density (¢1, @2, ¢3) and the coefficient p in the Stefan
condition (see Thm. 4.5). Furthermore, the numerical simulations confirm our theoretical analysis for the food
chain model rigorously.

To the best of our knowledge, Hsu et al. [10] formulated the ratio-dependent food chain model and thought
that NV as a plant species, P as pest species and Z as a species used to control the pest. The purpose of the
work was to study its applications to biological control from a mathematical point of view. Subsequently, a
growing number of papers on the model have been published (e.g. [9] and [18]). A notable problem is under
what conditions, all three species coexist. That is, the introduction of a natural enemy Z for pest P helps
the population level of prey N. The authors gave some suitable coefficients conditions to ensure that all three
species coexist. However, for problem (1.4) which is closer to reality than (1.2), main conclusions tell us that
in order to control the pest species we further should put natural enemy at the initial state at least in one of
the following three ways: (i) expand the initial habitat of natural enemy; (ii) increase the expanding capability;
(iii) augment the initial density of the natural enemy.

The results in the present paper may enrich biological control in ecosystems.

Acknowledgements. We are very grateful to the anonymous referee for his/her careful reading and valuable suggestions
which have led to an improvement of the presentation of the paper.
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