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MATHEMATICAL MODELLING IN NONLOCAL MINDLIN’S
STRAIN GRADIENT THERMOELASTICITY WITH VOIDS

MONCEF AouADI"?*

Abstract. A nonlocal theory for thermoelastic materials with voids based on Mindlin’s strain gradi-
ent theory was derived in this paper with some qualitative properties. We have also established the size
effect of nonlocal heat conduction with the aids of extended irreversible thermodynamics and general-
ized free energy. The obtained system of equations is a coupling of three equations with higher gradients
terms due to the length scale parameters w and [. This poses some new mathematical difficulties due
to the lack of regularity. Based on nonlinear semigroups and the theory of monotone operators, we
establish existence and uniqueness of weak and strong solutions to the one dimensional problem. By an
approach based on the Gearhart-Herbst-Priiss-Huang theorem, we prove that the associated semigroup
is exponentially stable; but not analytic.
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1. INTRODUCTION

Classical continuum mechanics theories are not able to predict and interpret size-dependent behaviors that
occur in structures at a micron and submicron scale. This is due to the absence of the material constants related
to structural scale parameters in the constitutive relations [31]. However, nonclassical continuum theories such
as nonlocal and strain gradient theories are more suitable to study and explain some phenomena related to
nanoscale size effect. Thus, there is a need to model the mechanical response of the new class of materials by
bringing the length scales into the structural theories. The elastic materials with voids (called also porous elastic
materials) applying to geological materials such as rocks or soils as well as to manufactured materials such as
ceramics or pressed powders, fall within this scope.

Nonlocal continuum elastic stress field approach first proposed by Eringen [11, 12] and another dealing with
the strain gradient theories [27, 28] are two convenient methodologies for considering the small scale effects
that are exhibited by nanoscopic structures. In nonlocal theory of elasticity, the stress at any reference point
x within a continuous body depends not only on the strain at that point, but also influenced by the strains
at all other points x’ in the domain through a nonlocal attenuation function in an integrated sense. Thus, the
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nonlocal stress forces act as a remote action forces, which are frequently encountered in atomic theory of lattice
dynamics.

Nonlocal elastic models can only account for softening stiffness with increasing nanoscale parameter; however,
the stiffness enhancement effect, noticed from experimental observation and as well as the gradient elasticity (or
modified couple stress) theories cannot be characterized. The strain gradient elastic theories provide extensions
of the classical equations of elasticity with additional higher-order strain gradient terms based on the assumption
that the materials cannot be modeled as collections of points.

The classic heat conduction law is acceptable for engineering applications at macro-temporal and spatial
scales. However, this law may not be applicable in nonlocal situations. Apparently, the size effect is not con-
sidered, which can become significant when the characteristic length scale of the process is comparable to the
average free path of coolants. Chan et al. [9] demonstrated that the nonlocal effects due to a large tempera-
ture gradient, which exists over a small distance with respect to the mean free path of electrons, can describe
the confinement of heat near the interface observed in their experience. Tzou [35] also suggested that thermal
conduction at the micro-nano scale is essentially nonlocal. In this paper and based on these observations, the
thermal conduction law is examined by introducing the characteristic length of the material.

In local models, Tesan [19, 20] was recently extended the theory of elastic materials with voids in the frame
of the second gradient theory. Aouadi et al. [1, 2] extended some local porous thermoelastic theory to Form
IT Mindlin’s strain gradient where the characteristic length of the material structure is taken into account. In
nonlocal models, Bachher and Sarkar [4] established a new nonlocal theory of generalized thermoelastic materials
with voids. Recently, based on nonlocal strain gradient theory, Biswas studied [6, 7] the propagation of waves
in different medium. Without trying to be exhaustive, let us refer to some studies carried out in nonlocal strain
gradient theory [4, 6, 7, 32, 33, 37, 38] and in local porous thermoelasticity [1, 2, 8, 13, 22, 26] among others.

In this paper, we derive the constitutive relations and field equations for thermoelastic materials with voids
based on the nonlocal heat conduction combined with nonlocal strain gradient theory. This theory intends
to generalize the classical strain gradient local porous elasticity [1, 2, 19, 20] and the classical nonlocal porous
elasticity [4, 6, 7] by introducing the nonlocal heat conduction together with two additional kinds of parameters,
the strain gradient length scale parameter | and the elastic nonlocal parameter w. We aim to show that both
length scales describe two entirely different physical characteristics on well-posedness, stability and analyticity
issues.

The rest of the paper is organized as follows. In Section 2 we derive the constitutive relations and the
field equations for porous elastic materials based on the nonlocal strain gradient theory. Under quite general
assumptions on sources terms, we prove in Section 3 the well-posedness of the one dimensional problem. In
Section 4, by an approach based on the Gearhart-Herbst-Priiss-Huang theorem, we prove that the associated
semigroup is exponentially stable, but not analytic.

2. DERIVATION OF NONLOCAL STRAIN GRADIENT EQUATIONS

2.1. Review of nonlocal strain gradient elasticity theory

Based on elasticity theory, we consider a bounded elastic material having volume V. For classical strain
gradient linear elastic solids, the equations of motion have the form

0ij; = pliis — Gy), (2.1)
where a comma (,) in the subscript represents the spatial partial derivative, the dot above a letter means
time derivative, p and G; are, respectively, the mass density and the body (and/or applied) forces; u; are the
components of the displacement vector, and o;; is the stress tensor of the strain gradient elasticity defined by

27, 28]

0ij = Tij —V'tij, (22)
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with 7;;(x,t) being the classical stress tensor at any point x in the body, and ¢;;(x,t) the higher-order stress
1
tensor. In elasticity, 7,; = A;jrier, where ey = i(uk’l + u; k) is the strain tensor and A;;; are the symmetric

elastic modulus components. In the Eringen’s nonlocal elasticity model [11, 12], the stress at a point x in an
elastic continuum depends not only on the strain at the point but also on strains at all points of the body. In

nonlocal context, the (classical) stress tensors 7;; and t¢;; become Tilj and 72, respectively, with the form

i3
Tilj = / G (|x — x|, 1) 73;(x, )dV (%), TZ-QJ- = 12/ GDo(|x — x|, 2) V7 (x', t)dV (x'), (2.3)
v v

where |x — x'| is the Euclidean norm of the vector x, [ is the material length scale parameter introduced
to consider the effect of the strain gradient field, the functions % (|x — x'|, 1) and %(|x — x'|, w2) are two
nonlocal attenuation kernels. The function % (|x — x'|, 1) presents the principal kernel function associated
to the nonlocal impact, whereas the function %/(|x — x'|, ww2) is additional nonlocal function associated to the

strain gradient effect. The nonlocal parameters w; = e;¢; (i = 1, 2) introduced to consider the effect of nonlocal

stress field will be detailed later. In elasticity, the nonlocal stress tensors Tilj and Tfj are given by

Tilj = Aijkl/ gl(\x — X'|,w1)ekl(x',t)dV(x/), TEj == Z2Aijkl/ %2(|x - X/|7W2) Vekl(x’,t)dV(x’).
\%4 14

According to Eringen [11, 12], it is possible to assume that each nonlocal kernel is the Green’s function of a
specific linear differential operator R, such that

R %1 = x|, )] = d(1x —x|), i =1,2. (2.4)
One of the most common operators used in nonlocal theories is Ry, = I — wf V2, where T is the identity operator
and V? being the Laplacian, for which the associated Green’s functions %;(|x — x'|, ;) can be found in the
literature for different dimensional setting [11, 12]. For simplicity, assuming that @ = w; = w, and applying
the operator Ry, = I — w?V? to (2.2), we get the constitutive equation for the total stress in differential form
([ — wZVQ)O'ij = (I — l2v2)7’ij. (25)

In elasticity, (2.5) reads

(I — wQVQ)aij = (I — ZQVQ)Aijklekl.

Then the equations of motion for the nonlocal strain gradient problem can be obtained by applying the operator
R, = I — @?V? to the governing (2.1) and by using (2.5)

(I - l2V2)nj,j = p(I - w2V2)(ul - Gz) (26)

In the following subsection, we propose to apply this procedure to obtain the nonlocal strain gradient porous
thermoelastic equations.

2.2. Nonlocal strain gradient porous thermoelastic equations

From Iegan [18], the local form of the balance equations for porous thermoelastic material are:
(i) Equations of motion:

Tijg = plily — Gi), (2.7)
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(ii) Equations of equilibrated forces:

hii +g=p(Jo —x), (2.8)

(iii) Equation of the first law of thermodynamics:
pUo = Tjicij — g6 + hidi + ps — V - q, (2.9)
where 7;; is the classical local stress tensor, h; are equilibrated stress components, g is the intrinsic equilibrated
body force, J is the equilibrated inertia, y is the external equilibrated body force, s is the external rate of supply
of entropy per unit mass, q = ¢; is the heat flux vector across the surface of the body and Uy is the specific (per

unit mass) internal energy.
Introducing the Helmholtz free energy

U =U,—6S (2.10)

and eliminating Uy between (2.9) and (2.10), one has the first law of thermodynamics denoted by
p\i/+p98+p05—7jiéij *hk(lg,k +gp—ps+V-q=0, (2.11)

where S is the entropy density, § = T' — T} is the temperature change, T is the absolute temperature of the

medium and Ty is the reference uniform temperature of the body chosen such that |§/Ty| < 1. Let St TEPresents
the time rate of internal entropy production

pSint = pS — [% ~V. J}, (2.12)

where J is the entropy flux and in classical form it reads as J = g. The second law of thermodynamics states

that the time rate of internal entropy production is nonnegative at all points in a material body V for all
thermo-mechanical deformation processes, which may be expressed as

pS—%+V~Jzo. (2.13)

To consider the size effect of heat conduction, the entropy flux J is no longer given by the classical expression
a but contains an extra contribution in Q, where Q is the flux of heat flux. From [16, 23], when the trace of

Q vanishes [34], i.e. tr(Q) = 0, the entropy flux may be generalized to be,

_a .
J=2+a-Q (2.14)
Substituting (2.14) into (2.13), yields:
pHS'—ps—l—V-q—l—H(q-VH_l+Vq~Q+q-V-Q)20 (2.15)

which combines with (2.11) gives:

— pU — plS + Tjiéi; + by —gd+0(q- VO +Vq-Q+q-V-Q) > 0. (2.16)
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In nonlocal theory, by assuming that the initial body is free from stresses and has zero intrinsic equilibrated
force, we take that the response functions depend on the set of the independent variables x and x’, respectively
as,

Y = {eij(x),0(x), 0,:(x),0(x)} and Y’ = {e;;(x'), o(x'), ¢,4(x), 0(x") } (2.17)
where
, 1/0u;(x")  Ou;(x')
eij(x') = 5( E)x; + ox )

and u;(x’) is the displacement vector at a reference point x’ in the body.
The time rate of ¥ is,

b= 5 TS )+ () + sl + i) (218)
that is ¥ = U(Y,Y”). Substituting (2.18) into (2.16), we get
(7 = g 00 (i = )6 4(3) = s+ ) O0) = (S + )
+0q- (VO ' +V-Q)+6Vq-Q>0. (2.19)
To satisfy (2.19), the following constitutive equations may be gotten,
Tij = paei\l(/x)’ hy, = 0%7 g= —pazzl;), S = _8221:() (2.20)
and we are left with the following reduced dissipation inequality
f(q-Qq+Vq-Q) >0, (2.21)
where
Qq=VI'14+V-Q. (2.22)

Following Guyer and Krumhansl [17], we choose Q = 1/kTp6? and Q = Qw?Vq, where k is thermal con-
ductivity and @ = eys is a non-local parameter, ¢ being the internal characteristic length and eq is a material
constant. The internal characteristic length ¢ is the interatomic distance, e.g., length of C — C bond (0.142 nm

in Carbon nanotube) [6, 7, 24]. By using V! = —Z—Q, we get
(I —@*V?)q = —kT,Vo. (2.23)

This equation corresponds to the nonlocal heat conduction law proposed by Jun Yu et al. [21] (see Eq. (28)),
by Yang and Chen [36] (see Eq. (5)) and by Tian and Xiong [34] (see Fig. 1).

Compared with the classical Fourier’s law, an additional mixed-derivative term —w?V?q in (2.23) will con-
tribute to the spatial nonlocality in heat conduction. It would be difficult to determine if such extension is better
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to represent the transient response of spatial nonlocality based on pure, theoretical discussions. Therefore, val-
idation of the new model (2.23) will be performed based on experimental results. In fact this new model (2.23)
is verified by the experimental results of thin nanowires as it captured the linear dependence of the effective
thermal conductivity on their radiuses [35].

Combining (2.11) together with (2.19), we arrive at the linear entropy balance

pToS = =V - q + ps. (2.24)

In nonlocal linear theory for centro-symmetric isotropic materials, ¥ can be given in the quadratic
approximation as

P = Agjaes;(X)en(X) + E6(x)D(X) + Aiy.i(x)0 ;(x') + By (eij(x)¢(xl) + €ij(X/)¢(X))
= By (e (RIK) + €55 (x)(x) ) = HE)O) = m((x)0(x) + H(x)0(x) ),

where A;;1; is the tensor of elastic constants, A;;, B;; and £ are functions which are typical in porous theories, c
is the thermal coefficient, m is the is thermo-void coefficient and §;; is the tensor of thermal expansion. All these
constitutive coefficients are prescribed functions of x and x’ and satisfy the following symmetries relations:
Aijri(x,X") = Apij(x,X") = Ajina(x, %), Agj(x,x") = Aji(x,x),
Bij(xﬂ X,) = Bji(X7 X/), Bij(xvxl) = ﬁji(x7 X,)'

Following Eringen [11, 12], the constitutive relations are obtained from

r= /V (ZT‘I; + (35,)8)&/(#) (2.25)

where the superscript ‘s’ represents the symmetry of that quantity with respect to interchange of x and x’.
In the following, we replace the response function g by F' + g, where the function F' is a dissipation function
given by

F= —/‘/C(x,x’)aﬁ(xl)dV(x’), (2.26)

and ¢ is a non-negative constitutive coefficient. The components of the set T = {7;;, h;, F + g, S} are obtained
from relations (2.17)-(2.26), for centro-symmetric materials, as

Tij = /V :Aijkl(xyxl)ekl(x/) + Bij(x,x")p(x') — Bi; (%, X’)9(X’)}dV(X’)7
hy = /V A (x, %) (x )}dV(x ),
B = | [Buloexen () + € o) + Clex)ol) — mlx.x )|V ().

05 = [ [Buloex)es () + mloex)o(0) + el x )00 [ AV (), (2.27)

where g in (2.27), is actually F' + g. For a centro-symmetric isotropic material, the constitutive coefficients
reduce to

Aijit = Mx,X")04;0k + 20(x, X" )0 051, Aij = v(x,xX')0i5, Bij = b(x,x")di5, Bij = B(x,x")dyj,
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where §;;, is the Kronecker delta function, the coefficients A\, u, 7, b, 3, &, ¢, ¢ and m are functions of |x — x'|,
that is, A = A\(|Jx — x'|), u = p(|x — x'|), etc. Thus, the constitutive relations (2.27) become

| M= Disers () + 2ullx =% e () + bl = X D36 (<) = B = oo ()| aV (<),

Y(x = x)¢.i(x) | dV(X),

&
Il
<\\

== [ [ = o)+ €l = )+ Gl = %)) = mx =X ) [aV (),
pS = / [0 = X Dea (') + m(x = X Do) +e(fx = XNV ('), (228)

For most of the materials, the cohesive zone is very small, and within that zone the intermolecular forces
decrease rapidly with distance from the reference point. Hence we consider that all constitutive coefficients
attenuate with distance [12], e.g.

A|x —x'|) = 0.

1m
(|lx—x’|)—0

We also consider that all the constitutive coefficients attenuate the same degree and they attain their maxima
at x = x’. Therefore, we can take the following relations between nonlocal and local coefficients

Ax=x)) _ pllx=x]) _o(x=x]) _ b(x—=x1) _ Bx—x)

. &( - ) _ < ” ) (I g ’I)_ ( " i)
X —X X —X m(|X —X C{|X —X ’
= ST = S = R = SRR =g (k- x). (2.29)

Here, the quantities in the denominator are constant coefficients. The Ay, po are the well known Lame’s
constants, By = (3o + 2u0)ay, «; is the coefficient of linear thermal expansion, vy, bo, &, (o and mg are
constants corresponding to voids and ¢y is the thermal constant. Following Eringen [12], as in (2.4), we assume
that the nonlocal kernel satisfies

(I —*VHY(|x — X'|) = 6(]x — x'|). (2.30)

We will now use the same procedure used to get (2.5) and (2.6). Applying the operator (I — w?V?) on the
constitutive relations (2.28), owing to the relation (2.29) and the property (2.30), we obtain (after suppressing
the subscript ‘0’ from the constitutive coeflicients)

(I = =2 V)7i5 = (I = BV2)rl; = (1 = 1°92) [Adijenn(x) + 2paes; (x) + boij0(x) = B0,,0(x)
(I — Vg = (I — 2V2)g! = (I — 12V?) [ ~ begn(x) — £6(x) — CH(x) + m@(x)} ,
(I —@?V2)h; = (I — PV?)RL = (I - 12V?)y¢4(x),
(I = =2V2)pS = (I = 292)(pS)" = (I = 1*V%) | Ber(x) + mo(x) + ()], (2.31)

U, hL, ¢! and (pS)! correspond to the local porous thermoelastic materials.
Applying the operator R,, = I — w?V? to the governing equations (2.7)(2.8) and (2.24) and then plugging
the constitutive relations (2.31) and (2.23) into the resulting equations and retaining only the terms of order

where the quantities 7,
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O(V?), we obtain

pI — w*V2)ii; = (I — 12V?) [w%i + A+ p)V(V - wg) + bV — ﬁve} 1 (I — w2V2)Gy,

pJ(I —w*V?)¢ = (I - I’V?) [W% —£p—bV -u; — o+ me} +p(I =’ V?)y,
oI —12V2)0 = (I - 12V?) [ — BV -y —mo| + kV20 + Tﬁ(f — @?V?)s. (2.32)
0

Note that in the absence of nonlocality (co = 0) and the effect of the strain gradient field (I = 0), these
equations reduce to those of local isotropic thermoelasticity with voids [8, 13, 18]. When w # 0 and [ = 0, these
equations reduce to equations (22)-(24) given by Bachher and Sarkar [4] when the relaxation time 7y vanishes.
The corresponding boundary and initial conditions come from the system of basic equations (2.32). Following
Aouadi et al. [1, 2], Tesan [19, 20] or Mindlin [28], one can derive the form of the corresponding boundary
conditions. Here, this will be done in the one-dimensional framework.

Without loss of generality, we set p = J = ¢ = 1. In the one dimensional setting, the system (2.32) can be
written in the domain Q = (0,L) x R*:

(1 - w28mm)utt - (1 - l28mc)(auwz + b(bz - /Bgz) + fl(u7 (b, 9) = 07
(]- - wzazm)¢tt - (1 - ZQaz:E) (7¢zz - £¢ - bum - C¢t + m@) + f2(u7 ¢’a 0) = 0, (233)
(1= 20,2)6, + (1= 20,) (Butar + 1) — Kbs + f3(u,6,6) = 0,
where a = A +2u > 0, and f; = —(1 — @20,,)G1, fo = —(1 — @?0pa)X, f3 = —(1 — 722813:)11i are sources

0
forces. We assume the following boundary conditions

w(0,t) = u(L,t) = Uz (0, 1) = uge (L, t) =0,
0,(0.8) = 0,(L,1) =0, t>0, (2.34)

and the initial conditions for x € (0, L)

u(x,()) = Uo(x), ut(x,O) = ’U,l(l'), ¢($70) = QSO(I')? ¢t($,0) = (;51(.%), 0(%,0) = 90(1') (235)

Remark 2.1. We assume that the internal mechanical energy density is a positive definite form. Thus, the
constitutive coeflicients (for the one-dimensional case) satisfy the conditions

a>0, v>0, af>0b% (2.36)
meanwhile if we assume that the dissipation is positive we need to impose that

k>0 and (> 0. (2.37)

3. WELL-POSEDNESS

3.1. Preliminaries

Throughout this paper, we use the standard Lebesgue space L?(0, L) and the Sobolev spaces H™(0,L) =
W™2(0,L) (1 <m < oco0) with their usual scalar products and norms. Let (-,-) and || - || denote the L*— inner
product and L?— norm, respectively.
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It is well known that the operator A = —0,, with Dirichlet boundary conditions is self-adjoint, positive
operator on L?(0, L) with

D(A) = H*(0,L) N HL(0,L),  D(A?) = H}(0,L). (3.1)

Let us introduce the inertia operator R, = I + ¢ A with the domain D(R.) = H?(0, L) N Hy(0, L) when ¢ > 0
and L?(Q2) otherwise. Observe that, in our case € = @ or € = [. In the following, we limit ourselves to the cases
w # 0 and [ # 0. We could also consider the case w = [ = 0. As this case has already been studied (see e.g. [26]
among others) and is not essential to the analysis of this article; thus it will not be considered here.

Then, one has [15]

D(R;/?) = Hy (0, L) (3.2)
with the inner products [3, 15]
(Reu, v) == (u,v)e = (u,v) + € (ug,v.), Y u, ve Hy0,L). (3.3)
Observe that (3.1), yields that [3, 15]
R. € Z(Hy(0,L), H~'(0, L)) with (Rcu, VY H-1(0,L)x HY(0,L) = (U V) H1(0,L) (3.4)

where H~'(0, L) denotes the dual of H}(0,L).
Furthermore, the H& (0, L)—ellipticity of R. and the Lax-Milgram theorem give us that R. is boundedly
invertible, i.e.
R e £(H'(0,L), Hy (0, L)). (3.5)
Thus, for € # 0, we have
||Re_1u||Hg(o,L) = |lullg-1(0,L); Vue H(0,L). (3.6)

Finally, R, being positive definite, self-adjoint as an operator R, : L?(0,L) D D(R.) — L*(0,L) (as A is),
it then follows from (3.3) and (3.4), that for u, v € H,(0, L),

1R ull? = ull2 = [[ull? + € lusll® = lull 7 0,1- (3.7)

Now we consider the following assumptions on the forcing terms f; (j = 1,2, 3):
(i) There exists a nonnegative C* function F : R® — R satisfying

VE = (f1, f2, f3),
and there exists a positive constant [ such that for any u, ¢, § € R
F(u,¢,0) > =B(|uf® + |g]* +|0]). (3-8)
(ii) There exist positive constants p > 1 and C such that for any u, ¢, 6 € R

IV fi(u,¢,0)] < Cp(l+ [ufP~" +|o|P~ "+ |0[P71), j=1,2,3, (3.9)
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which gives us a positive constant Cr such that
F(u,¢,0) < Cp(1+ [ul™ + g7 + |0]+T). (3.10)
Remark 3.1. a) There is a large class of forces satisfying (3.8)—(3.10). For instance,
F(u,¢,0) = alu+ ¢["*! +blu+ ¢|F + 0P, a,b,c>0.

b) Going forward, we will omit the symbol ¢ in the coordinates of the solution U (t), that is, we will just write
U = (u, ¢, u, ¢, 0), it being understood that u, ¢, v, 1, depend on ¢.

¢) In the following, we use the general notation (n.m); where the ‘4’ refers to the ith equation of the system

(n.m).

3.2. Well-posedness

In this subsection, we study the well-posedness of the problem (2.33)—(2.35). We set v = u; and ¢ = ¢;. First,
let us consider the Hilbert space

A = (H*(0,L) N Hy (0, L)) x HF(0,L) x (Hg(0,L))* x H(0,L),
with the inner product

<U’ U*>=%” (N0 *> <97 9*>l + 'Y<¢:1;7 (b;’)l + a<u$7u;>l

= + (@
+b< > +&(p, ") + b{g, uz )i, (3.11)

where U = (u, ¢,v,1,0), U" = (u*, ", v",¥*,6%) and
L
L2(0,L) = {w € L2(0,L) / w(s)ds = 0}7 HY(0,L) = HY(0,L) N L2(0, L).
0
The corresponding norm in .7 is given by
U112 = 1% + 191% + 1617 + 16 lF + allus|l7 + ESIIF + 26Re(us, )i (3.12)
Note that (2.36), leads to

allue|lf + EllSII7 + 2bRe{ua, $)1 > 0. (3.13)

Consequently ||U||%, is nonnegative. Moreover, the induced norm || - || is equivalent to the usual norm in the
Hilbert space 2,

CillUlle < llullgz + [16lla2 + 1101l ar + [[ollar + ¥l ar < CollU]l2,

with positive constants C; and Cy. While the estimate below is obvious, the estimate above can be obtained by
choosing ¢ > 0 sufficiently small such (a — €)(¢ — &) > b* and then

alluelf + 26Re (ua, o)1 + ESIIF = (a — &)|luall} + 26Re(ua, @) + (& — )ISII} + (lluall? + lI617)

> eflus |7 + el (3.14)
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In particular, there exists a positive constant ¢ such that

lull® + llol* + 1101* < e(allul? + &lDl7 + 1017) < el U113

where

N

o8 <

Problem (2.33)—(2.35) can be written as a Cauchy problem

dt

{ WO | (o + BUWG) = FUWR), t>0,
(0) = Uy = (uo, po,u1,¢1,00) € I,

G

where, o : D(A) C H — H, B :D(B) C H — A and F : H# — H are defined by

—v 0
~RZRi(v60a — £6 — buy + m0) (R Ry
Buy + m —kR, 0z
0
0
'F(U(t)) = _R;lfl (’U/, ¢a 9)
_R;’l.fQ(u7 (Z)a 9)
_Rflfd(uv ¢7 9)
Recalling A = —0,, and Ry = A(w?I + A™') = (w?I + A~ A, then yields
RJ'A= (x0T +A°H) L,
Multiplying the expression,
I= %(wQI + A7 %A*l,
by (@?I 4+ A~1)™!, then (3.20) becomes
1 1 1 1
-1 —1/_2 —1y—1 —1

from which we derive that

1 l2 l2 .
RJ'R = —I+(1- —)RZ"
w w

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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From (3.5), we infer that

R'Ry e Z(H(0,L),H}(0,L)).
Based on the definition of & and S, one can see that

D(ot) = {U € A | ue H30,L) N HL0,L); ve H2(0,L) N HL(0,L); ¢ € H3(0,L) N H2(0,L);
b€ H2(0,L); 0 € HX(0,L) N HY0,L); Youw — buy +mb € H(0,L) + BC’S},
D(#) = {u € H*(0,L) N H}(0,L); & € HE(0,L); v HY(0,L); ¥ € H'(0,L); 6 € H(0, L);
00 € H1(0,L) + BC’s},
D(o/ + B) = D(/) N D(B).

The phrase “BC’s” means that u, ¢ and 0 satisfy all the relevant boundary conditions (2.34). It is easy to see
that D(«7) is dense in 2.

In order to present the existence of local solutions, we start by recalling the definition of maximal monotone
operators and the link with the generation of Cy-semigroup [5, 10]. An operator & is called monotone if

(U — U, U-U)>0, VYU UecD().

In addition, it is called maximal monotone if (& + I) : J# — A" is surjective, where 7" denotes the dual of
. An operator B : I — A is called hemicontinuous if

lim ((U + AO), U e = (BU),U" e, YU, U, U €.
—

So, if % is hemicontinuous, its maximal monotonicity follows.

Now, if o/ and £ are both maximal monotone and int(D(«)) N D(A) # &, by Theorem 2.6 in [5], one can
conclude that o/ + % is maximal monotone.

Since the operator &/ + 2 is maximal monotone in J# and D(«/) is densely defined in ., the operator
o + P generates a Cy-semigroup of contractions on 5. The proof of this follows from the Lumer-Phillips
corollary to the Hille-Yosida theorem [29].

We shall apply the theory of monotone operators and nonlinear semigroups [5, 10].

Lemma 3.2. The operator o + %A is mazximal monotone in €.

Proof. We divide the proof in two steps. B o
Step 1: &/ is maximal monotone. Let us denote U = (u,¢,v,,0), U = (u,$,v,1,0) € D(«). Using
integration by parts and the boundary conditions, lead to

(U — AU, U = U)oy = zigm(a@;,v}m + (0" v ) + blub, M)+ Blus, 01)1 + Y (h, i)
+E(h 0+ mwt 6,

where u! = u — 1, ¢1:¢—$, vl=v-7, 1&1:1#—1;, o' =0—0. Then, we have

Re(dU — AU, U —U)p =0
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and thereby ¢ is monotone. In order to prove that <7 is maximal monotone, we need to prove that Range (I +
&) = . We must prove that

U+odU =U"

has a solution U = (u, ¢,v,1,0) € D(&Z) for any U* = (u*,¢*,v*,¢*,0") € 5. This equation leads to the
system

u—wv=u"€H*0,L)NH)0,L),

¢~ =¢" € H3(0, L),

b = R R (100 — €6 — buy +m0) =4 € HY(0, 1),
0+ Bu, +myp =0* € HL(0,L).

Adding (3.21)1 2 to (3.21)3,4 respectively, and then multiplying the results by R, and multiplying (3.21)5 by
Ry, we obtain the following system

Rou— Ri(augy + bo, — 0,) = Ry (u®™ + v™),
Rw¢ - Rl('YQSa:;I; - £¢ - buz + m9) = Rw((b* + W)» (322)
R0 + Ri(Buy +me) = R (0° +meo* + pul).

We denote the Hilbert space H = (H?(0,L) N Hy(0,L)) x HG(0,L) x H}(0,L), then the problem (3.22) is
equivalent to

B((u,6,0), (w,0,9)) = Lw, 0, 9), ¥ (w,,9) € H, (3.23)
where the bilinear form B : H x ‘H — C and the linear form £ : H — C are defined by

B((u, ®, 0)a (wa 2 19)) - <u7 w>w + <¢a Q0>w + <97 19>l + a<ura wr>l + 7<¢m> S01>l + €<¢> 90>l

+ b(p, we )1 + b{uw, )1 — B0, we)1 + Bluz, I — m{O, o)1 + mip,I),,
L(w,,0) = 0" +u",w)e + (V* + ¢%, ) + (07 + me™ + Buy, I), (3.24)

for any (w, p,9) € H. By assuming that the physical parameters are constant coefficients satisfying (2.36) and
(2.37), one can show that the bilinear form B(-,-) is bounded. From (3.24);, one can obtain easily that

1B((:6.0). (w.0,9))| < Cll(w,6,0) | (w, 2,9 |

which implies that B is continuous. From (3.14), we obtain that

Re B((um 0), (u,¢,9)) = llullz + 1811% + 1017 + Al éallf + alluall} + ElSIF + 26Re(ua, &)

2 2 2 2 1 b2 2 1 b2 2
> Jul + 191 + 181 + 710217 + 5(a — el + 56~ Dl

By assuming a& — b > 0, we get

b
a——>0, £&——>0,
a
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then there exists a positive constant My such that for any (u, ¢,0) € H, we have

Re B((1,6,0), (1,6,0)) = Mol (u,6,0)113;

Thus, B is coercive. Since £ is continuous, from the Lax-Milgram theorem, problem (3.23) admits a unique
solution

(u,¢,0) € H = (H?(0,L) N Hy(0,L)) x H3(0,L) x H}(0,L). (3.25)

Then, by (3.22) , we have

—R| atgy + b¢x - 501) = Rw(U* +v* — U),

(3.26)
~Ri(Y0us — £6 — buy +m0) = Re(9* + " = 9).

Since I # 0 and the operator R; is an isomorphism of Hj (0, L) onto H'(0, L), then the application of regularity
theory for the linear elliptic equations leads from (3.26), that u,, ¢, and 6, belong to Hy(0,L) and from
(3.26).,, that v, — buy, + mf belongs to H(0,L). Hence by (3.25) we infer that u € H*(0,L) N H}(0, L),
¢ € H3(0,L)N HZ(0,L) and 6 € H*(0, L) N H}(0, L).

Finally, from (3.21),_,, we get (us, ¢¢) € (HZ(O7 L)yn Hi(0, L)) x HZ(0, L), then the vector (u, ¢, us, ¢¢,0) €
D(&f). Therefore, Range (Z + «/) = 5. This complete the proof of the maximal monotonicity of <.

Step 2: # is maximal monotone. To prove that % is maximal monotone, by Theorem 2.4 in [5] we only

need to prove that # is monotone and hemicontinuous. For any U = (u, ¢, ut, ¢, 6), U= (u, 57 Uy, gt, 0) € 2,
by using (3.11) and (3.18)2 we have

(BU = BU,U = U)se = k|0 — 0| + Cll6e — &7 > 0,
which implies that % is monotone. We observe that

(BU + Aﬁ)aU*)% — (AU, U*>3f’ < k|)‘|‘<§zw79*>| +C|)‘H<$t7¢:>[|
< A (RI8 1031+ CBillior ] + G2 daillllé ) 223 0.

It follows that

lim (#(U + AO),U*) s = (BU),U*) s

Therefore, £ is hemicontinuous. Since we have shown that Z is monotone and hemicontinuous, we can apply
the result in Theorem 2.4 of [5] to conclude that £ is maximal monotone.

Now, since & and % are both maximal monotone and int(D(«7)) N D(AB) # &, by Theorem 2.6 of [5] we
conclude that &7 + % is maximal monotone. O

We are now in a position to give the definitions of mild solutions, strong solutions (according to Pazy [29],
Chapter 6) and weak solutions to problem (2.33)—(2.35).

Definition 3.3. (i) Let 7" > 0. A solution U € C([0,T]; #) to the integral equation

U(t) = e “TPt(0) + / t e~ THEBE=3) F(U(s))ds (3.27)
0
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is called a mild solution to (3.17) on the interval [0, 7.

(ii) Let T > 0. A function U : [0,T) — S is called strong solution to (3.17) on [0,T), if U is continuous
on [0,T"), continuously differentiable on (0,7, with U(t) € D(&/ + %) for t € (0,T), and (3.17) is satisfied on
[0,T) almost everywhere.

(iii) Let T > 0 and initial data (ug, ¢o, u1, @1,60) € H. We say that a set of functions (u, ¢, us, ¢4, 0) is a
weak (or generalized) solution to (2.33)—(2.35) if (u, ¢, ut, ¢1,0) € C([0,T), H) satisfies (2.35) and the following
identity in the sense of distributions

(Utt, W) — (AUzz + Py — B0, w)1 + (f1(u, ¢,0),w) + <¢tt7 O)w — (VPzz — §P — bug — (o +mb, o)
+ <f2(u7¢7 0)3Q0> + <9t + 6u£t + m¢ta >l + k<0Iafl9 > + <f3( 0) 19> = 0’
in [0, L] x [0, T] and for all w € H?(0,L) N H(0,L), p € HZ(0,L) and ¥ € H}(0, L).
We are now in a position to give the main result of this section.

Theorem 3.4. We assume that assumptions (3.8)~(3.10) and (3.16) hold.
(i) Let Uy = (ug, ¢o, u1, ¢1,600) € H, then problem (2.33)—(2.35) has a unique global mild solution satisfying
U e C([0,00); ) given by

t
U(t) :e—WM)tU(O)Jr/ e (THA=9) F(U(s))ds. (3.28)
0

(ii) The weak solutions depend continuously on the initial data in 5. More precisely, given any two weak
solutions U and U? are two mild solutions to problem (2.33)—(2.35), then there ewists a positive constant C
depending on U'(0) and U?(0), such that

IUH () = U(@®)llor < “TIU0) = U2(0)lloe,  O<t<T. (3.29)

(iii) If Uy = (uo, Po,u1,d1,60) € D(F + AB), then the corresponding mild solution is strong, that is
continuously differentiable, it takes values in D(/ + B) and it satisfies (3.17) in F for almost all t € [0,T].

Proof. (i) We need to prove first that F(U) = (0,0, =R f1(u, ¢,0), —R fa(u, ¢,0), —R; ' f3(u, ¢,0)) defined
in (3.19) is locally Lipschitz in .#. Let us denote U = (u', ¢!, u}, ¢1,0") € # and U? = (u?, $*,u?, ¢?,6%) €
A, such that |[UY||», ||[U?||# < R, where R > 0 is a constant. Then from (3.6) we have

|F@Wh) - FU?) ||%<ZHR (At 0t 0h) - i, 6,6%)|

H;y(0,L)
1Rl (B otoh =t m)| .
<oy O R Aol . (3:30)
i=1 ’

Using (3.9), we have for i = 1,2, 3,

‘fi(ulgqsl,al)_fi( ¢ 92 | ‘sz ¢1 91) (1_ )(u2 ¢2 92 ’2| ul 1 91)—(U2 ¢2 92)‘2
scf (P 4 [P o P 4 (g2 (0N + 62P +1)° (3.31)
( 2|2 + |¢1 o ¢2|2 |01 o 02|2)
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where 0 < ¢ <1 and C; > 0 is a constant depending on the initial data. It follows from (3.31) and embedding
H?*(0,L)NH;(0,L) = Hg(0,L) < L>(0,L) and H3(0,L) < Hy (0, L) < L>°(0, L) that there exists a constant
C'r > 0 such that

L
2 2
/ }fi(ulad)laal) - fi(u27¢2702)| dz < OR ||(U1,¢1,91) - (u27¢2702)|| < ORHUl - U2||if
0
for i = 1,2, 3. Summing this estimation on 4, we conclude that there exists Lr > 0 such that

|F(UY) = FU|P < Lr|U* = U?|[5-

Therefore, F satisfying the local Lipschitz condition.

Since & + A is maximal monotone and, for each ¢ € [0, 00) fixed, F(-) : S — S is locally Lipschitz. Then,
by Theorem 7.2 in Chueshov et al. [10], for all Uy € D(«/ + £), there exists tmax < 00 and a unique strong
solution U for (3.17) defined on the interval [0, tmax). Moreover, if Uy € 5, then (3.17) has a unique weak
solution U € C ([0, tmax) ;7 ), and such a solution satisfies lim sup ||U(#)||» = oo, provided tpax < oo.

t—=tmax
Next we prove that the solution is global, that is, ¢4, = 00. Taking the inner product of (3.17) and U (t) € 2,
we get that the total energy satisfies

d
SE(t) = koI - clanl? <o, (332
where
1 L
&0 = 3001 + [ Fluwo.0)z, (339
0

where ||U|| s is defined by (3.12). From (3.32), we infer that
S(t) < £(0), Vt>o0. (3.34)

By (3.8) and (3.15), we have
L
/0 F(u,¢,0)dz > =B (Jull* + ol + 101%) = —Be (allua |l + €lllI7 + 1101%) = —Bell U1 (3.35)
Substituting (3.35) into (3.33), it follows that

£ < (3~ Bo)lU I

1 1 1
From (3.16), we deduce that 1 <Bo= 3~ Bo < 3 is positive. This implies that
2 1
U5 < %5@) (use (3.34))
1
< 5. £00). (3.36)
Bo

Hence, we conclude [|U|| s+ < oo for any ¢ > 0, which implies that ¢y = co. This concludes the proof of item
(1) of Theorem 3.4.
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(ii) On the other hand let 7" > 0, for any t € (0,7"), we consider two mild solutions U'(t) and U%(t) with
initial data U'(0) and U?(0), respectively. Let us also assume that ||U| s < R. Then, using (3.28),

o0

Sl o - oo+ /Ot et (F () = FU2(s) )| as

Using the local Lipschitz property of F and (3.36), we obtain

[T () = U®)lle < 1U(0) = U*(0) ]l + CR’T/O 1T (s) = U (s)] seds.

Then, the application of Gronwall’s lemma gives (3.29) and the continuous dependence of the mild solution on
the initial data follows immediately. This concludes the proof of item (ii) of Theorem 3.4.

(iii) Finally, as noticed above, from Theorem 1.5, p.192 in Pazy [29], any mild solution with initial data in
D(</ + A) is strong. This proves the item (iii) of Theorem 3.4 and completes the proof. O

Remark 3.5. Since & + % is maximal monotone, then —(&7 + %) is maximal dissipative. Thus it generates
a family S(t) : 5 — S, t > 0, of nonlinear operators given by S(¢t)Uy = U(t) for any Uy € 5, where
U(t) is the unique weak solution of problem (2.33)—(2.35). It is not difficult to show that S(¢) satisfies the
semigroup property. By using (3.29), one can establish that S(t) is a continuous operator for all ¢ > 0, and since
t — S(t)Up = U(t) is continuous for all Uy € 42, it follows that S(¢) is a Cp—semigroup.

4. EXPONENTIAL STABILITY AND LACK OF ANALYTICITY

To show the exponential decay of solutions of (2.33)-(2.35), we use the following well-known result due to
Gearhart-Herbst-Priiss-Huang for dissipative systems (see, e.g. [14, 30]).

Theorem 4.1. Let S(t) = et be a Cy—semigroup of contractions on Hilbert space H. Then, S(t) is exponentially
stable if and only if

iR:={i\; A € R} C p(A), limsup |[(iA] — A) 7| 2() < 00, A ER, (4.1)
[A|—00
where p(A) is the resolvent set of the differential operator A.
On the other hand, we use the following characterization of analytic semigroups (see, e.g. [14, 30]).
Theorem 4.2. Let S(t) = e be a Cy—semigroup of contractions on Hilbert space H. Then, S(t) is of analytic
type if and only if

iR:= {ix; A € R} C p(A), limsup |[A(IA] — A) " g3) < o0, A ER. (4.2)

[A|—00

4.1. Exponential stability

Our analysis is based on Theorem 4.1, which states that the semigroup is exponentially stable if and only
if the imaginary axis belongs to the resolvent set (see assertion (4.1);) and the resolvent operator is uniformly
bounded on the imaginary axis (see assertion (4.1),).

Lemma 4.3. The condition (4.1); holds, i.e., iR C p(«/ + A).

Proof. According to the arguments given by Liu and Zheng ([25], page 25), the proof consists in three steps
that can be found in many articles dealing with Theorem 4.1. We omit the details here for brevity because
these steps are always the same (see e.g. [8, 26]). In the following we limit ourselves to the essential part which
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concerns our system. Therefore there exists a sequence of real numbers a,, with a,, — x, |an| < |x|, and a
sequence of unit norm vectors in the domain of & + %A, U,, = (un, dn, Un, ¥n, 0y), such that

Gian + o + B)Up,ll ¢ — 0, asn — oco. (4.3)

Writing (4.3) term by term we get after some manipulations:

iy, — vy — 0 in H? N Hy(0,L),

)

(0, L

10 — b — 0in HE(0, L

o, Rov, — Ry (aunacz + b(bna: - Benz) — 0in H(% (0’ L
(0, L
(0,L

)
),

),
1o Rothy — Ry (7¢nww —&Pn — bup, — Chn + men) — 0in H& s )a
)

i Ry + Ry (mm + m¢n) — kfhpe — 0 in HY(0, L). (4.4)

Since
Re < (ianl + A + B)U,U > = —k|0na|> — C||lvnllf = 0, (4.5)

we infer from (3.7) that 6,., ¥n, ¥ne — 0 in L*(0,L). By (4.4)2, we have ¢, ¢ns — 0 in L*(0, L) and from
Poincaré’s inequality, 6,, — 0 in L*(0, L).

Considering the inner product of (4.4)4 times ¢,, we obtain, after removing the terms which tend to zero,
that

7H¢anl2 + b<unzv ¢n>l — 0.
Hence, keeping in mind that ¢,,, ¢ne — 0 in L*(0, L) and the fact that |[u,.|); is bounded, we get

a7 — 0.

Then ¢z — 0 in L?(0, L) and by (4.4),, Pnze — 0 in L*(0, L).
Next, we take the inner product of (4.4)4 with u,, we obtain, after removing the terms which tend to zero,
that

Next, we apply integration by parts for the first term of the aforementioned equation,
L 2 L 2
’Y<¢nxv unmx>l - |:¢nmﬂnz:| o - ’71 [anxxﬂnmx} 0 + b”unm”l — 0.

AS Gpzy Pnze — 0in L?(0, L) and tpze and Ungq, are bounded (because of (4.4)3.4), we have

L L
- [(i)nzﬂnz}o - 712 [d)nmcﬂnmc} 0 + b”umt?”l2 — 0.
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The first and second boundary terms of the equation mentioned above vanish for the boundary conditions
(2.34); 5. We then conclude that

gl [%ﬂm}j +l? [%mﬂan -0,
and therefore
[tnzlf — 0. (4.6)
Then, we take the inner product of (4.4)s with w,,
(10 Vn, Un ) oo + || Una||? — 0Dz, Un)i — B{On, Unz)r — 0.
Using (4.4)1, (4.6) and previous results, it is clear that
lvallZ — 0.

Thus, we have a contradiction since U,, can not be of unit norm and, in consequence, the first condition of
Theorem 4.1 holds. ]

Lemma 4.4. The condition (4.1), holds, i.e., limsup ||(ia + o + B)""||2n) < 00, a € R.

|| =00
Proof. We prove this by a contradiction argument. Suppose that (4.1), is not true. Then there exists a sequence
ay, with |a,| = 0o and a sequence of complex functions Uy, = (un, ¢n, Un, ¥n, 0,) in the domain of the operator
&/ with unit norm such that (4.4) holds. Taking the real part of their inner product with U,, in the Hilbert
space yields conditions (4.5). By (4.5) and the Poincaré inequality, we get
Onas Ony Yy oo — 0 in L2(0, L). (4.7)
Taking the inner product of (4.4)s times o, 'u,,, yields
{0y Una )1 + Zﬁ”“ﬂfﬁ”lz + m(in, O‘rjlunmh — k(Onza, @y, tne) — 0. (4.8)
Since (4.7) holds, |[unz||; and ||a;, ", || are bounded, we get after integrating by parts the last term,

'LﬁHunw”lQ + k<9nla arjlunm& — 0,

where the boundary condition (2.34), is used. As 6,, — 0 and since ||a;, ' tyzz|| is bounded (because (4.4)5),
we infer that

[unell7 = O, (4.9)
and
ap |vnell — 0. (4.10)
Taking the inner product of (4.4)3 times v, and dividing by «,,, one obtains that

z||vn||2w + a(Ung, a;lvmﬁ + b(dn, a;lvmﬁ — B{0,, a;lvmﬁ — 0. (4.11)
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Since ||unz i, [|@nll; and ||6,]; are bounded, we infer from (4.10) that
[valle — 0. (4.12)

Taking the inner product of (4.4)4 times ¢,, yields

Z<¢na an¢n>w + "YH(banlQ + g‘lfbn‘ﬁ + b<unza ¢n>l + §<¢na ¢n>l - m<0n; ¢n>l — 0. (413)

Since ¥y, ¥ne — 0, we have from (4.4); that a,¢n, anon. — 0. Moreover, as ||¢,||; is bounded, in view of
(4.7) and (4.9), we obtain that

Y pnall7 + EllPnll7 — 0. (4.14)

Since v, &€ > 0 (see (2.36)), (4.14) implies that ||¢n||; and ||é,||; tend to zero in L?(0, L). But these behaviors
contradict that the sequence U,, has norm unity. O

Now, we are in a position to prove the following
Lemma 4.5. The operator o + B generates a Cy—semigroup of contractions which is exponentially stable.

Proof. From Lemmas 4.3 and 4.4, we can use the result due to Gearhart (see, e.g. [14, 30]) which states that a
semigroup of contractions on a Hilbert space is exponentially stable if and only if conditions (4.1) hold. Thus
the theorem is proved. O

4.2. Lack of analyticity

Often in one dimensional setting, the non-uniform boundedness of the resolvent operator is shown by giving
an explicit sequence of exact solutions of the system. As the boundary conditions (2.34) are not adequate to
propose exact solutions to (2.33), we will consider the particular case f; =0, i = 1,2,3 and v = 0 to consider
the following system in the domain Q = (0, L) x RT:

(1 - WQawc)utt - (1 - lQamx)(au;cac + bo, — /893’:) =0,
(1 — ©2050)bur — (1 — 12032) ( € — buy — Céy + me) —0, (4.15)

(1 - lzazz) (0,5 + ﬂuzt + m(bt) - kazx = 07
with the following boundary conditions
u(z,t) = Ugy (2, 1) = Pp(x,t) = 04(z,) =0, on x=0,L, t>0, (4.16)

and the initial condition (2.35).
The problem (4.15), (4.16) and (2.35) is more suitable for the applied method and is well-posed over . =
(H?(0,L) N H(0,L)) x HX(0,L) x Hy(0,L) x L2(0, L) x L?(0, L). We will show the following

Theorem 4.6. Let S(t) be the Co—semigroup of contractions on the Hilbert space £ associated with the system
(4.15), (4.16) and (2.35). Then S(t) is not analytic.

Proof. Taking into account Theorem 4.2 and Lemma 4.5, to prove our statement, we will argue by con-
tradiction, that is, we will show that there exists a sequence of real number «, with lim |a,| = oo and
n—oo
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U, = (Un7¢navna7/}n;9n) € D(% +93) for F,, = (f1n7f2n7f3n7f4n7f5n)T € A with ”Fn”% < 1 such that
i Up + (2 + B)U, = F,

where 7, is the linear operator associated to the system (4.15) given by (3.18) for v = 0. The vector F,, is
bounded in #, but |U,||.» tends to infinity. Rewriting the above spectral equation in term of its components,
we have

10Uy — Uy = fln,

10 On — Py = fon,

Z-Oéan'Un - Rl (aunwx + b¢nw - ﬁenw> = wa3n7

iy, Ry — Rl( —&bp — by — (P + men) = Ry fan,
iaangn +R (ﬁvnx + mQ/)n) - kanmm = le5n~

(4.17)

We choose for all n € N, F,, = (0,0,sin(nvz),0,0). Then F, is bounded in J#. On the basis of the boundary
conditions (4.16) we can try solutions of the type

Up = Ay sin(nvz), ¢, = By, cos(nvx), 0, = Cy, cos(nvz), (4.18)

where v = %, A,, By and C,, are unknown functions. Substituting (4.18) into (4.17), we find that A4,,, B, and
C,, satisfy

( — aiEw + aEmQVZ)An + b=nv B, — fEnvC, = =4,
bEinv A, — (aiaw S+ ian§)>Bn —mEC, =0, (4.19)

i, fEMVA, + ia,mE B, + (ia,Z; + kn*v?)C, =0,
where 2. = 1 + ¢2n%v2. We choose «,, such that
—a2E, +aZm?? = —a2(1 + @*n?v?) +a(l + Pn*v*)n*v? = 0,

which implies that

Moreover, (4.19) leads to

N} N2 N3
An:J; Bn:J7 Cn_Ja
D, D, D,
where
Ny =-E, [(abew —E(&+ ioan)) (ianEl + kn2y2> - ianszﬂ ~ —ia3ZE2 as n — oo,
NEL = —ZE.5nv <io¢nbEl + kbn?v? + iaanEl) ~ —ian(b+ Bm)EwElzm/ as n — 0o,

Nf{ = 0 BNV (mbEl + ﬂaiEw — pBE€ — iﬂElan§> ~ iaiEiEmyﬂ as n — oo,
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D,, = fb(Eml/)Q (ianbEl + kbn?v? + ianﬂmEl> - ianﬁnQVQEZQ (mbEl + 6@7215@ — BE€ — iﬂElanC>

~ —iad BPn?VPERE, as n — oco.

The asymptotic behavior of the coefficients will give us

w \2 bw? + fmw? w?
A/I'L ~ ( ) 9 B/I'L ~ T 2 271909 n ™~ h 190 *
Blnv an3v3l2 32 C Bnul? asmn = o0
w N2
This gives uy,(x) ~ (Bl ) sin(nvz) as n — oco. On the other hand, we have
nv
4 L Lot
||Un|@f > al? ||unee|” = al2<%) /0 | sin(nvz)|*de ~ ;BTWZQ’ as n — oo. (4.20)
Thus, we obtain lim |la,U,|| ,, = oo, which completes the proof of the theorem. O
QU —+00

Remark 4.7. The case v = 0 is considered only to use the boundary conditions (4.16) which is more adapted
to the above method than (2.34). We note that, since the associated semigroup S(¢) is not analytic for v = 0,
then it is not analytic for v # 0 either.

5. CONCLUSION

We summarize the obtained results as follows:

(1) In this paper we have derived a nonlocal theory for thermoelastic materials with voids in the context
nonlocal heat conduction combined with nonlocal Mindlin’s strain gradient model. In particular, the nonlocal
heat conduction (2.23) is derived to account for the heat conduction at nanoscale, which is verified by the
experimental results of thin nanowires as it captured the linear dependence of the effective thermal conductivity
on their radiuses [35]. By comparison with other nonlocal [4, 6, 7] or local strain gradient theories [1, 2, 19, 20],
the model proposed in this paper is more reasonable in predicting the transient, porous thermoelastic response
of nano-structural materials. This work, which has not been obtained in any reference yet, will be useful
in predicting and better understanding the thermoelastic response of nano-structural materials which have
attracted considerable attention due to their many important technological applications.

(ii) The well-posedness of the derived model in one-dimensional setting was proved. The exponential stability
and analyticity issues were discussed as well. By an approach based on the Gearhart-Herbst-Priiss-Huang
theorem, we prove that the associated semigroup is exponentially stable but not analytic. Hence the introduction
of the nonlocal parameters w and [ together with porous and thermal dissipation make the solutions decay
exponentially without the need to any damping dissipative mechanisms. This improve the applications of such
a material to the real-world situations. Analyticity results are often of critical importance in application to
control theory. To make the solutions analytic, we need to add to our system more dissipative mechanisms.

(iii) It should be pointed out that the extension of the exponential stability results from the one-dimensional
case to higher dimensional case is nontrivial. This question is difficult from a mathematical point of view and
remains open. The important question is whether or not this exponential stability will be preserved in multi-
dimensional problem. Just in the one-dimensional case the thermal and porous dissipations become sufficiently
strong to pull the mechanical energy rapidly. From Aouadi et al. [1, 2], one would expect that a frictional
damping for the elastic component can lead to exponential stability in a multi-dimensional setting.

Acknowledgements. The author would like to thank the Editor-in-Chief Prof. Vitaly Volpert and the anonymous reviewers
for their recommendations and remarks aiming at improving the manuscript in terms of clarity.
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