Math. Model. Nat. Phenom. 18 (2023) 19 Mathematical Modelling of Natural Phenomena
https://doi.org/10.1051 /mmnp/2023021 www.mmnp-journal.org

HEAT AND MASS DIFFUSION TO WILLIAMSON FLUID
STREAMING THROUGH A TUBE WITH MULTIPLE STENOSES
WHILE SUBJECTED TO PERIODIC BODY ACCELERATION

MUHAMMAD FAHIM™®, MUHAMMAD SAJID, NASIR ALI AND
MUHAMMAD NOVEEL SADIQ

Abstract. This article examines a mathematical framework that describes the versatile behavior of
heat and mass exchange in blood flowing through a narrowed vessel having multiple stenoses. The
geometry of a channel having multiple stenoses with an asymmetrical axial axis and a symmetrical
radial axis can be visualized by applying a suitable mathematical expression. The geometry of the
chosen model considers the height and shape of stenoses. The modification in shape parameter is
used to capture variations in the shape of the stenoses in the artery. The blood is supposed to be
isochoric (incompressible), while its rheological behavior is characterized by Williamson’s fluid model.
The transfer of momentum is analyzed using the equation of motion in cooperation with the continuity
equation. In addition, the equations of heat conduction and diffusion are utilized, respectively, to
illustrate the distributions of heat and mass. Simplified forms of momentum, mass, and heat transport
equations are achieved by incorporating dimensionless quantities and moderate stenosis conditions. A
well-known explicit finite difference approach is utilized to solve the emergent non-linear system of
governing equations numerically. The influence of different evolving parameters on the flow field along
with mass and heat distributions is illustrated through various plots.
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1. INTRODUCTION

The cardiovascular system plays a vital role in the human body by transporting oxygen and nutrients,
removing wastes, and regulating body temperature. Unfortunately, many cardiovascular diseases can be fatal,
and in 2018 alone, the World Health Organization reported more than 17.8 million deaths due to various vascular
illnesses. These diseases often result from high levels of fat and abnormal growth and deposition in blood vessels,
leading to stenosis or artery narrowing. One of the most common causes of stenosis is the accumulation of low-
density lipoprotein in the artery wall, particularly in areas of the vascular system where blood flow patterns
vary, such as bends, bifurcations, and other key areas.

Researchers have extensively studied blood flow behavior in stenosed arteries, particularly in moderate steno-
sis. For example, Young [42] was among the first to analyze blood flow patterns in stenosed arteries. In addition,
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Forrester and Young [13] examined the impact of tapering angles on isochoric fluid flow in an axisymmetric
channel. Chow and Soda [10] discussed boundary irregularities’ effects on blood flow. Azuma and Fukushima
[6] conducted an empirical study to identify blood flow patterns in various arterial stenosis geometries. Some
other studies have examined the steady-state behavior of blood flow in moderate arterial stenosis [22], as well as
the influences of periodic body acceleration on the pulsating flow of blood in circular tubes [43]. Despite these
diverse investigations, blood rheology in the literature mentioned above is limited to Newtonian fluids.

However, the available literature on hemodynamic investigations shows that blood cannot always be charac-
terized as a Newtonian fluid, and that blood expresses significant non-Newtonian features such as viscoelastic,
yield stress, shear-thinning, and thixotropic under specific conditions, such as in small arteries with moderate
shear rates, infected arteries, and pulsating flow scenarios. Many numerical and theoretical investigations of
non-Newtonian blood flow have been reported. For instance, the power-law model exhibits appreciable non-
Newtonian behaviors at reasonable shear rates, as reported by Perktold et al. [30]. However, this model is
insufficient to reflect behavior at extreme shear rates. This gap may be bridged by choosing appropriate models
such as Sisko, Cross, Eyring Powell, and Carreau, etc. Many other studies have been conducted to analyze the
influence of external factors, such as body acceleration, curvature, and magnetic field, on blood flow through
stenotic tubes. For example, Mandal and Kumar [21] presented a bi-dimensional mathematical model investi-
gating the influence of externally induced periodic body acceleration on the blood flow of generalized power law
fluid through an elastically stenosed artery. Ismail et al. [14] analyzed the key factors of non-Newtonian power-
law blood, showing that blood behaves non-Newtonian when the arterial radius is less than one millimeter.
Nagarani and Sarojamma [27] examined the influence of body acceleration on the pulsating flow of Casson fluid
via a moderately stenosed channel. Numerous studies [32]-[28] have utilized analytical and numerical methods
to model the behavior of non-Newtonian blood flow through stenotic tubes, considering a range of parameters
and external factors. These studies can help to enhance our understanding of cardiovascular diseases and pave
the way for improved diagnosis and treatment.

The studies mentioned above considered moderate stenosis with a single geometric shape, typically a cosine
curve, and a small depth-to-vascular radius ratio. However, in reality, patients with multiple stenoses in the same
arterial system are quite common. Several studies, including those cited in references [17]-[12], have investigated
the impacts of multiple stenoses on blood flow. These studies suggest that the overall impact of non-critical
stenoses can be comparable to the sum of their individual effects, which can be life-threatening or cause physical
problems related to arterial fatigue. Studies [20]-[31] also examined the impact of multiple stenoses on blood
flow, however, they did not consider mass transport.

The rheological behavior of non-Newtonian fluids cannot be fully explained by classical Navier-Stokes equa-
tions alone. As a result, numerous models have been formulated to depict the properties of such fluids. One of
the earliest models was introduced by Williamson [41] in 1929. This model provides a clear and concise simula-
tion of the viscoelastic shear-thinning features of non-Newtonian fluids. According to this model, the effective
viscosity of the fluid must decrease infinitely as the shear rate increases. It should have infinite viscosity at rest
and zero (null) viscosity as the shear rate approaches infinity. In recent years, researchers have focused on the
Williamson model to understand the nature of non-Newtonian fluids. Some recent studies have highlighted the
mass and heat exchange in Williamson nanofluid [18], the peristaltic motion of Williamson fluid via an unsym-
metric conduit with porous walls [37], the peristaltic transport of the chymus characterized by the Williamson
model in a small intestine [26], and Brownian diffusion and thermophoresis in a Williamson fluid subjected
to magnetohydrodynamic blood flow through a radiative wedge [35]. For further knowledge of the Williamson
model, one may refer to the suggested references [1]-[33].

By conducting experimental and theoretical studies on the impacts of heat/mass transport on hemodynamics,
researchers have gained a better understanding of the complex mechanisms underlying vascular disorders, such
as arteriosclerosis. Caro et al. [9] hypothesized that arteriosclerosis might occur due to the mass exchange
process between arterial walls and blood. Back et al. [7] quantitatively investigated the impacts of mass transfer
on unsteady two-dimensional blood flow through the coronary artery. Chakravarty and Sen [8] provided a
mathematical model to represent the temporal responses of mass and heat exchange in blood flowing through
bifurcated stenotic channels. Victor and Shah [38], [39] investigated the implications of heat diffusion for a fully
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developed stream at the tube inlet section. They suggested suitable Prandtl number values associated with heat
exchange in the bloodstream. Abbey and Ogulu [29] analyzed the modeling of heat convection in blood passing
through a stenotic vessel, while Zaman et al. [45] evaluated the impacts of mass and heat transport on the
bloodstream via a narrowed vessel with overlapped stenosis.

This work investigates the influences of polymeric heat and mass exchange on the bloodstream through a
stenotic tube, using a multi-stenosed arterial model to simulate the diseased artery. To represent blood flow
behavior, the constitutive equation of Williamson fluid is employed. By considering the influence of viscous dis-
sipation on mass and heat exchange in a multi-stenosed vessel, the study aims to reveal mass transport between
arterial walls and the main bloodstream. Furthermore, the interdependence of mass transport and tempera-
ture fluctuations are explained through the coupling of energy and concentration equations. The fundamental
equations that define blood flow, heat transport, and mass distribution related to the velocity field are used to
characterize the current biomechanical issue, along with the relevant initial and boundary data. These equa-
tions are efficiently arranged using scaling analysis and radial coordinate transformation before being numerically
solved using a finite difference approach and boundary conditions. Finally, the work concludes with a thorough
quantitative analysis, including graphical representations of the data and extensive discussion to assess the
implications of the presented mathematical approach.

2. GEOMETRY OF STENOSED VESSEL

The tapered arterial section with multiple stenoses in its lumen is designed as a solid tube of length L with
a circular cross-section. Suppose (r, 0, z) denotes the coordinates of the material point in the polar coordinates
system, with the z—axis aligned with the arterial axis, while 8 and r reflect the circumferential and radial
direction respectively. Moreover, we consider that r = 0 reflects the channel’s axis of symmetry. The heat and
mass exchange phenomena are considered by assigning temperature T,, and negligible mass concentration to
the walls. In the middle of the channel, we take into account the symmetry conditions for both temperature and
mass concentration. The geometry of the multiple stenoses is shown in Figure 1, with the blow mathematical
expression:

n—1 N A\ . . .
R(z) = {Z [1 - {Si Frd) ) }] 7 hErsdT Zztherwise (2.1)

In Eq. (2.1), a denotes the radius of the tube in the non-stenotic section, n (> 2) influencing the shape of the
constricted profile and is known as the shape parameter (with n = 2 resulting in symmetric stenosis), s; and d;
(i =1,2,3) signify the length and site of the stenosis, respectively. The parameter 7); is defined as.

6i (nn/n—l)

as®(n—1)’ (22)

m =

where §; demonstrates the maximum depth of the stenosis present at z = a + s;/ ne=T |

3. HAEMODYNAMIC’ MATHEMATICAL MODEL

The flow of incompressible fluid via a multi-stenosed section is assumed to be time-dependent, axisymmetric,
and two-dimensional. As a result, the pressure, velocity, concentration, and temperature fields are defined as
follows:

p=p(r,z,1t),V=(u(rzt),0,w(rzt),C=C(rzt),T =T(rz1t), (3.1)

where w and w are the velocity components in the axial and radial directions, respectively. By incorporating the
variables mentioned above, the mass, momentum, energy, and species conservation equations can be expressed
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FI1GURE 1. The geometry of a multi-stenosed vessel.
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where K, ¢,, and p are the thermal conductivity, specific heat, and fluid density, respectively. D, Kr, and T},
are the mass (species) diffusion coefficient, thermal diffusion ratio, and mean fluid temperature, respectively.
The rheology of streaming blood is assumed to obey the fundamental equation of the Williamson fluid model,
which is stated as:

S = |10 + (0 — pioc) {1+ T I} ] . (3.7)
P du u B B
Where’y:V.V+(V.V)T:{{2;, 0, 6Z+61:},{0, 2%, 0} {aZJr al:’ 0, 26“’}}, (3.8)

.1 2y ou\> u ow ou  ow\’
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The term g(t) in Eq. (3.4) signifies the body’s acceleration acting along an axial direction and can be expressed
as::

g (t) = agcos(wgt), (3.10)
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in which a4 is the amplitude, ¢, and wy(= 27 f,) are the parameters for the phase angle and angular frequency
of the flow respectively. The pressure gradient that appears in Eq. (3.4) can be expressed as

- a—z = a1+agcos(wpt), (3.11)

where a; specifies the constant amplitude, as denotes the amplitude of the pulsatile part to account for diastolic
and systolic pressure, and wy, = 27 f,.

4. BOUNDARY AND INITIAL DATA

The axial velocity and mass concentration are expected to be zero at the vessel wall, while the wall tem-
perature is supposed to be constant. Furthermore, the gradients of axial velocity, temperature, and mass
concentration vanish along the vessel’s axis. These facts can be presented mathematically as follows:

w(r,z,t) =0,C (r,z,t) = 0,T (r, z,t) = Ty, atr = R(z2),
ow (r,z,t) 0 aC (r, z,t) 0 OT (r,z,t)
or o or ’ or

=0,atr =0. (4.1)

It is also considered that while the system is at rest, no fluid motion, heat, or mass exchange occurs. It
suggests that:

w(r,z,t) =0,C (r,2,t) =0,T (r,2,t) = Ty,at t = 0. (4.2)

5. NORMALIZATION OF THE PROBLEM

In order to solve the above governing equations, it is necessary to incorporate dimensionless variables, which
are defined as:

- R - t I; 2 o _ - 2g(t
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By using the above variables, the assumption of moderate stenoses (52 0;/a < 1), and the additional
criterion (e = 1), we get

ow

op
5, =0 (5.3)
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oC 1 [10C  °C 10T 0°T
0t5<rar+82)+s(8r+8 > (5.6)

where S,., = +(1-m) {1 +We ‘?;: } (2—1: (5.7)
The dimensionless expressions of body acceleration and pressure gradient are:
g (t) = By {cos (27t) }, (5.8)
—% = By {1 + ecos (2rwt)}, (5.9)
The boundary and initial data in terms of variables (5.1), take the following form.
w(r,t) =0,C(r,t) =0,T (r,t) =1,at r = R(z),
awa(:, b _y, aca(::, b _y, aTa(: D) _0at =0, (5.10)
w(r,t) =0,C(r,t) =0,T (r,t) = 0,at t = 0.
The dimensionless mathematical form of the multi-stenoses section is presented by:
R(z) = {17 n{(z—=hi) = (z=hi)" }, g‘zhirjviiefli +1 (5.11)

where = §;n""1/(n — 1), and h; = d;/l;. The dimensionless expressions for WSS (75), volume flow rate (Q),
and resistive impedance can be written as [48]:
-1
ow
— A2
) } m] , (512)
r=R
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Ts =
Q= / wrdr, (5.13)

(=0p/0z)
A= lo P (5.14)

The arterial wall can be made immovable by employing a radial coordinate transformation.
x=r/R. (5.15)

Equations (5.4)—(5.6) can be rewritten as follows by applying this transformation.

ow 1 0
gy = B; {1+ ecos (2mwt)} + 22 92 {x m+
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}_1] , (5.17)
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The boundary and initial data in terms of variable (5.15), take the following form:

w(z,t) =0,C(x,t) =0,T (x,t) = 1,at z = 1,
ow (z,t) oC (x,t) 0T (x,t) _
o =0, =0, 7 = Oat & =0, (5.19)
w(z,t) =0,C(z,t) =0,T (z,t) =0,at t = 0.

The expressions for shear stress at the wall (75), volume flow rate (Q), and resistive impedance () in terms
of variable (5.15) can be written as:

= []1% {m+(l—m) <1+We‘;$‘>l}$]w_l, (5.20)

1 1
Q= ﬁ/() wzdz, (5.21)
\ = L By {1 + ecos (2mwt)}
lo 1/R2 fol wxdz

(5.22)

6. NUMERICAL SOLUTION

The conversion of the partial differential equation that defines a physical phenomenon into an algebraic
equation is the key to many numerical approaches. This conversion can be accomplished using a variety of
approaches. One of the most popular is the finite difference approach. In this technique, the derivatives in the
differential equation are replaced by suitable finite differences. The solution of the algebraic equation gives the
values of the dependent variable at discrete points of the independent variables. The finite difference technique
for computing Eq. (5.16) relies on the forward difference approximation for the time derivative in the following
way:

k+1 k
Qo _ W5 ~W (6.1)
ot At ’ ’

while the first and second derivatives of the spatial variable x can be discretized using the central difference
approximations as follows:

k k 2 k k k
ow  wjy —wi_ Pw  wi_y —2wi +wi,

Ox 2Azx s 552 (Am)z v (6.2)

Utilizing the above difference approximations for temporal and space derivatives, Eq. (5.16) can be discretized

as follows:
—1
)e

}_1> + Bscos (2mt" + ¢) }

(6.3)
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where wf expresses the values of w at a spatial node x; and time interval t*. A similar discretization scheme
can be applied to Egs. (5.17) and (5.18) which can be written as

At 1 1 1 -t 1 1
k+1 o, 2t L _ - 2, - el
it =17+ ~ Pr {BT‘R2 <m+ (1 —m) [1 + We wa} ) (wg)” + B <Tm + ijx> }, (6.4)
At (1 1 1
R _ ok
Ci =G - {S o (C’m +—C > +Sr <Tm+ ]T )} (6.5)

In terms of finite differences, the boundary and initial data can be approximated as:

wlf:wgalezT2k7Cf:C§aatx:Oa
whi 1 =0,Th, =1,Ch , =0,at z =1,
wj =0,T} =0,CF =0,at t =0. (6.6)

Egs. (6.3)—(6.5) and the boundary and initial data (6.6) can now be computed to evaluate wf“ T]H'1

k+1
Cj

and

with appropriately determined time increment At, and spatial step-size Ax. In this case, the solutlons
can be estimated for (N + 1) equally discrete points x; with radial grid size Az = 1/(N + 1), where j =
1,2,3,..., N+1, 2x.1 = 1, and time steps t* = (k — 1) At. To achieve the accuracy of O(1/107), we prefer
the time increment At = 1/10° and spatial step size Az = 1/40. A detailed description of the FDM algorithm
is provided in Appendix A.

7. RESULTS AND DISCUSSIONS

The numerical results for axial velocity, distributions of temperature and concentration, flow rate, resistive
impedance, and wall shear stress (WSS) are all calculated by a computer program. The following set of values
is preferred for numerical simulations of important biological contributions:

fp = fb = 1.2,d1 = O.375,d2 = 1.25,d3 = 2.125,[1 = 12 = l3 = 0.5,6 = 0.5,/10 = 1.3,
00 =0.05,B1 =2, =0.2,B, =2,We=0.5,n=2,Pr=10,Br =2,5¢= Sr=0.5.

It is of particular interest to look at the velocity profiles since they give a complete picture of the flow field.
Figures 2-5 demonstrate the findings of the Williamson model for the velocity profile of circulating blood at a
specified axial position (z = 1.25) in a stenosed vessel. The importance of body acceleration and the rheology of
blood in circulation through the stenotic region has been demonstrated in Figures 2 and 3. These plots indicate
that the velocity of blood increases with increasing the magnitude of body acceleration and the Weissenberg
number. This is because when the body undergoes acceleration, the blood in the vessels experiences shear
stress due to the change in flow direction and speed. This results in a deformation of the blood cells or fibers,
causing the viscosity to change. In the case of the Williamson fluid model, as the magnitude of the acceleration
increases, the deformation of the cells or fibers in the blood increases. This causes the viscosity to decrease. This
decrease in viscosity results in an increase in blood velocity. Also, the Weissenberg number is a dimensionless
quantity that characterizes elastic deformation in fluids. An increase in the Weissenberg number makes the
blood network becomes more deformable. This means that it can align with the flow easier. This results in
a decrease in viscosity and an increase in blood velocity. Figures 4 and 5 provide insights into the impact
of stenosis severity () on blood velocity. These figures demonstrate that increasing the size of stenosis leads
to a decrease in blood velocity. This is because stenosis acts as an obstacle to blood movement and prevents
blood from flowing freely in the radial direction within the vessel. Furthermore, these plots indicate that the
shape of stenosis (n) also plays a significant role in influencing blood velocity. When the shape of the stenosis
changes from symmetrical to asymmetrical, the velocity curves shift upwards. This indicates that the shape of
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stenosis influences the degree of blood flow restriction, with symmetrical stenosis being more restrictive than
asymmetrical stenosis.

Figures 6-9 provide graphical representations of the flow rate distribution for specific values of emergent
parameters. The impacts of stenosis severity and the Wiessenberg number on volumetric flow rate are demon-
strated in Figures 6 and 7. These plots reveal that an increase in the severity of stenosis (§) leads to a significant
enhancement in the volumetric flow rate, whereas elevating the Wiessenberg number (We) has the opposite
effect. In other words, increasing the obstruction caused by stenosis results in a higher volume of blood flow
through the affected vessel. In contrast, increasing the viscoelasticity of the fluid (represented by We) reduces
the flow rate. Figures 8 and 9 illustrate that as the magnitude of body acceleration increases, there is an increase
in the volume flow rate of blood through the arteries. This is because when the body is subjected to acceleration,
blood flows through the arteries with greater ease because it becomes thinner and less resistant to circulation.
This is due to blood’s physical properties, which make it behave like a ”thin” fluid when it experiences high
rates of deformation. Therefore, the volume of blood flowing through the vessels increases with body accelera-
tion. Furthermore, the figures demonstrate that at a specific axial point (z = 1), the volume flow rate of blood
increases as the shape parameter of the stenosis is increased, i.e. by changing the stenosis shape from symmet-
rical to asymmetrical. This is because the asymmetrical shape of the stenosis causes a non-uniform distribution
of fluid forces, resulting in a redistribution of the flow towards the region of lower resistance, thereby increasing
the volume flow rate at that particular location.

Wall shear stress (WSS) is particularly essential in understanding the evolution of arterial diseases due to
the strong connection between arteriosclerosis localization and the blood vessel wall. It refers to the drag force
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exerted by blood flow on the inner lining of the vessel wall. Figures 10 and 11 depict the WSS distribution for
three different values of § and We. It is found that raising § values causes the magnitude of the WSS to diminish,
whereas enhancing We causes a reverse response. As the size of stenosis () increases, the degree of narrowing
in the vessel also deteriorates, leading to a decrease in blood flow velocity and pressure, and hence a decrease in
WSS. On the other hand, as the Weissenberg number (We) increases, the fluid exhibits more non-Newtonian
behavior, and its resistance to deformation also increases, leading to an increase in the magnitude of WSS.
Furthermore, it has been observed that without stenosis, the magnitude of wall shear stress (WSS) remains
constant throughout the vessel. However, in the presence of stenosis, the magnitude of WSS changes with the
area of stenosis. It reaches its maximum at the peak of stenosis and decreases thereafter. Figures 12 and 13
demonstrate that the magnitude of wall shear stress (WSS) rises with greater values of body acceleration and
shape parameters. However, this effect is more prominent in the case of body acceleration. The increase in WSS
magnitude with increasing body acceleration is due to the increase in blood flow velocity and pressure caused
by the acceleration of the body. Similarly, expanding the shape parameter of stenosis leads to changes in blood
flow patterns and increased WSS magnitudes in certain areas, particularly at the peak of stenosis.

The resistive impedance is computed using the formula (5.22). It is a force that opposes fluid velocity. In a
blood vessel, most of the resistance is caused by the diameter of the vessels. The smaller the diameter of the
vessel, the heightened the resistance, which in turn decreases blood flow. The increasing size of the stenosis
causes the vessel diameter in that region to decrease, thereby increasing the resistive impedance as shown in
Figure 14. This graph also indicates that the intensity of resistance (\) significantly diminishes as the amplitude
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of acceleration enhances. Figure 15 shows the changes in resistive impedance with axial distance Z for three
different values of the Weissenberg number (We) and the shape parameter (n). The graph demonstrates that the
curves of resistive impedance decrease as the Weissenberg number values increase. Moreover, with symmetrical
stenosis (which occurs at n = 2), the resistance is maximum at the center of the stenosis. However, as the
shape parameter n increases, the stenosis height shifts to the downstream region. Consequently, the maximum
amplitude of resistive impedance also shifts downstream.

Analyzing the distribution of heat in blood flow through stenosed arterial regions is critical for understanding
the hemodynamics of blood flow, detecting the presence and severity of stenosis, and guiding treatment decisions.
Therefore, the temperature profiles inside a blood vessel in relation to relevant parameters at a specific axial
station (z = 1.25) and time (¢ = 45 sec) are illustrated in Figures 16-18. The temperature distribution through
a stenotic vessel at different Pr and Br values is shown in Figure 16. The present literature on hemodynamics
suggests that the Prandtl number values for blood need to be larger than 10. We then analyzed the intra-arterial
blood temperature for Pr € [10, 25]. This figure indicates that the temperature profile of blood decreases as
the Prandtl number rises and increases as the Brinkman number rises. This is because the Prandtl number
is a ratio of momentum diffusivity to thermal diffusivity. A higher Prandtl number indicates that the fluid is
less efficient at transferring heat than momentum. Thus, increasing the Prandtl number makes heat transfer
less efficient, resulting in a lower temperature profile. On the other hand, the Brinkman number measures the
relative importance of viscous and thermal effects in a flow. A large Brinkman number causes viscous effects to
dominate, and the flow is more adept at transferring momentum than heat. This leads to an increase in fluid
temperature. Figure 17 illustrates the influences of the severity (J) and shape (n) of stenosis on temperature
distribution. This figure demonstrates that an escalation in the severity of stenosis (§) results in a significant
spike in blood temperature. This can be attributed to the fact that an increase in stenosis severity leads to an
increase in obstruction of blood flow, which results in an increase in fluid resistance and a corresponding increase
in heat dissipation. Therefore, more heat is generated, resulting in a higher temperature. On the other hand,
the shape parameter (n) has a relatively minor effect on blood temperature because changes in this parameter
mainly affect the shape of the stenosis and have a smaller impact on resistance to blood flow. Figure 18 illustrates
that body acceleration has also the capacity to disturb the temperature profile. Here, it is demonstrated that
enhancing the amplitude of By enables the blood temperature to rise.

Mass transfer is the migration of atherogenic molecules from circulating blood to the arterial wall or vice
versa. Substantial data for examining mass concentration behavior at a specific axial station z = 1.25 and time
t = 45 sec are illustrated in Figures 19— 22. The impacts of the Soret number (S7) and Schmidt number (Sc)
on the concentration profile are shown in Figure 19. It is observed that the concentration profile increases
as both the Soret and Schmidt numbers are increased. This is because the Soret effect is a phenomenon in
which temperature gradients influence concentration distribution. A larger Soret number (Sr) corresponds to
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FIGURE 19. Mass concentration for various values of Sr and Se¢

FiGURE 20.

FIGURE 21. Concentration of mass for selected values of § and n.
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a more intense temperature gradient, resulting in more convective movement. This widens the concentration
distribution. On the other hand, the Schmidt number (Sc) relates to the diffusivity of species in a fluid. A higher
Schmidt number indicates a greater diffusivity of species in a fluid. This results in a faster species transport rate
and hence, a higher concentration of species. Figure 20 displays the concentration profile of the arterial segment
at the neck of stenosis (z = 1) for different values of Prandtl and Brinkman numbers. These findings indicate
that an escalation in the Brinkman number leads to a decline in mass concentration across the entire cross-
section of the arterial segment. In contrast, an elevation in the Prandtl number leads to an augmentation in the
solute concentration across the whole cross-section, with the exception of the central region where the curves
overlap for higher Prandtl numbers (>15). The radial concentration profile for various values of severity (¢) and
shape (n) of stenosis is depicted in Figure 21. It is observed that the curves of mass concentration experience
a considerable decline as the values of § increase. On the other hand, an increase in the shape parameter
(n) results in an upsurge of mass concentration throughout the vessel cross-section. Figure 22 demonstrates
how body acceleration affects the concentration profile. It is observed that increasing the amplitude of body
acceleration results in a slight decrease in the concentration profile.

8. CONCLUSIONS

A mathematical framework for analyzing heat and mass transport phenomena in an unsteady bloodstream
through a vessel having multiple stenoses has been developed. The Williamson fluid constitutive equation has
been utilized to model blood rheology. The obtained initial-boundary values problem has been simulated via
a numerical approach known as FDM. Flow variables such as velocity, temperature, concentration, etc. are
quantified for emerging geometrical and rheological parameters. Based on the findings of this study, we can
summarize:

— The severity of stenosis causes a decrease in blood velocity. In contrast, with high values of the shape
parameter, Weissenberg number, and body acceleration, the opposite tendency is observed.

— The dimensionless flow rate distribution is directly proportional to the amplitude of body acceleration,
shape parameter, and Weissenberg number. While its magnitude is inversely proportional to the size of stenosis.

— It is recognized that the intensity of the WSS is enhanced by improving the amplitude of shape parameter,
body acceleration, and Weissenberg number. However, the behavior of WSS is the opposite by amplifying the
severity of stenosis.

— The resistive impedance is increased by enhancing the severity of stenoses, whereas it is a diminishing
function of body acceleration, shape parameter, and Weissenberg number.

— The temperature at a stenotic neck inside the vessel cross-section rises with a higher amplitude of body
acceleration and severity of stenosis. Where an opposite trend is found for large values of the shape parameter.
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— The temperature inside the stenotic region rises as the Brinkman number claims up. It does, however,
decrease with higher Prandtl numbers.

— It is noticed that elevating the Soret and Prandtl numbers resulted in an increase in the mass distribution
through vessel cross-section related to the neck of stenosis. However, it exhibits an opposite tendency by varying
either the Schmidt or the Brinkman number. However, the reverse tendency is detected at larger values of the
shape parameter.

APPENDIX A

Algorithm to solve the set of equations (6.3)—(6.5).
In order to solve the given blood flow equations numerically using the finite difference method in MATLAB,
we can follow the following algorithm:

Step 1: Define the parameters and grid points

— Define the constants a, B1, B2, m, n, We, Pr, Br, Sr, and Sc.

— Define the grid points for z and ¢t. For example, we can use * = linspace(0, 1, Nx + 1) and
t = linspace(0, T, Nt+ 1), where Nz and Nt are the numbers of grid points in 2 and ¢ directions respectively,
and T is the final time.

Step 2: Define the initial and boundary conditions
— Define the initial condition w(z,0) = 0 for all z.
— Define the boundary conditions w(0,t) = w(1,t) = 0 for all ¢, and ‘?3—’;(07 t) = 0 for all ¢t.

Step 3: Calculate the time step size and spatial step size
— Calculate the time step size At = T/Nt.
— Calculate the spatial step size Az = 1/Nuz.

Step 4: Set up the finite difference scheme
— Use the forward difference scheme (6.1) to discretize the time derivative term.
— Use the central difference scheme (6.2) to discretize the spatial derivative terms.

Step 5: Set up the linear system of equations

— For each time step k, set up a linear system of equations for w(j, k + 1), where j = 1, 2, ..., Nz — 1. This
can be done by discretizing the given differential equation using the finite difference scheme and rearranging
the terms.

— The resulting linear system can be written in the form Au = b, where A is a tridiagonal matrix, u is the
vector of unknowns w(j, k + 1), and b is the right-hand side vector.

Step 6: Solve the linear system of equations
— Solve the linear system of equations Au = b using any appropriate method, such as the Thomas algorithm,
LU decomposition, or iterative methods.

Step 7: Update the solution at each time step
— Once the unknowns w(j, k + 1) are obtained, update the solution at each time step k by setting w(j, k + 1)
=wu(j)forj =1, 2, ..., No —1.

Step 8: Repeat the above steps for all time steps
— Repeat steps 5 to 7 for all time steps &k = 1, 2, ..., Nt.

Step 9: Output the final solution
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— Once all time steps are completed, output the final solution w(z,T) for all x.
This algorithm can be implemented in MATLAB using appropriate functions and programming structures.
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